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THE USE OF A PIECEWISE CONSTANT PROPORTIONAL HAZARDS 
HODEL IN ISSUES RELATED TO STANDARDISATION : 

A REY I EW AND SOHE RESLIL TS 

Or. ti. Rbfiq ShtJh * 

1. I NTRODUCT I ON 

Standardisation is an important tool of comparison in demographic 
analysis. It is applfcable in connection wlth both longltudinal and 
cross-sectional types of data; and in dealfng with subjects lfke 
mortalfty, fertlllty, labour force analysis, evaluation of famfly planning 
programmes, to quote a few examples. 

Due to problems associated with conventional standardisation in the 
comparison of more than two groups in question (Clogg, 1978 : 527). 
mathematical models could be used as an alternative for the purpose of 
fT ndi ng ad j usted or standardi sed rates. Clogg ( 1978) proposed a 
saturated multipl1cative model which Hke Teachman (1977) and others 
could be regarded as solving the problems related to a summary measure 
used in d'j rect standardi sati on (Clogg, 1978: 523). 

Many others have used multipl1cative models for the purpose of indirect 
standardisation. For instance, in the analysis of vltal rates in connection 
wlth rare events, or in situations where the age-specifTc data were not 
available, multipl1cative models were suggested by Stouffer (1951), 
Kllpatrick (1962). Mantel and Stark (1968). Osbom (1975). Breslow and 
Day (1975), Gail (1978) and others. 

Hoem (1979) has used a special kind of Cox' (1972) model, which will be 
called the piecewise constant proportional hazards model. At flrst sight, 
the modelseems to be applfcable in both direct and indirect 
standardisation (Hoem, 1979: 12). 

* This fn8tter ~ prepared 'w'hlle M. Raftq Shah 'w'8S 'WOr~ng on s doctorsl d'issertst1on in the 
Interuniversity Programme in Demography at the Vrije Universiteit, Brussels, Belgium. 



Seemingly interesting and perspfcuous opplicotion of stotisticol theory 
to demogrophic events ond rotes, 0 thorough examination of Hoem's 'Viork 
is the subject matter of this note. Some objectives that could be achieved 
after such on examinat10n are os follows. 

a. V/e wl1l be able to demonstrate thai the analysts made accordin!~ to the 
constant proportional hazards model used by Hoem (1979) ls in fact 
identical to the use of a multipl1cative model~ where the numbers of 
events are assumed to have a Poisson error structure. 

b. After hoving shown the equivalence of results (Relative risks) obtalned 
by using the classical multiplicative model, and the one used by Hoem 
(1979t ft will be possible to reinterpret the parameters of the 
multiplicative model in terms of conventional standardlsed rotes. 

c. A critical appreciatlon of the model will be mode to understand if the 
model used by Hoem could really be used for the purpose of both direct 
ond indirect standardisation. 

Since the model proposed by Hoem (1979) is 0 special case of the 
proportional hazards model, we shall begin with the piecewise constant 
proportional hazards model. The present discussion os 0 whole could be 
divided fnto four parts os follows. 

Ffrst,. the defin1tion of 0 piecewlse constant proport;onal hazards model 
..,1;11 be followed by the derivation of 0 plece'wlse 10g-l1kelihood function 
(log L). Then 1t w'l11 be shown that (log L) is equivalent to the one 
obtalned from observations hoving 0 Poisson error structure 1n 0 

contingency tabla perspective. Loter on, 0 log-lfnear model wll1 be fitted 
on the dato used by Hoem (1979) by using GLIM (Generallzed Linear 
Intaractive Modelling; Release 3, Baker and Nelder, 1976) for the purpose 
of illustrotion and new interpretation of the parameters of a classical 
multiplicotive model. Finally, the use of the proposed model wi11 be 
commented in the lfght of various issues of standardisation; in particular 
to examine the claim th at the proposed model solves the issues of both 
direct aod indirect standardisatlon. 
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2. THE PIECE'WISE CONSTANT PROPORTIONAL HAZARDS MODEL 

2.1. Definition 

The proportional hazards model is based on the pioneering "!"ork of Cox 
(1972). The model has been deve10ped further by Breslow (1972/ 1974t 
Holford (1976), Gross 4:lnd C1ark (1975)/ Kalbfleisch 4:lnd Prentlce (1980) 
among others. 

The application of piecewise constant proportiona1 hazards mode1s in the 
design and ana1ysis of clinical trials can be found in Peto et (IJ. 
(1976J 1977). Lalrd 4:lnd Olivier (t 980) have demonstrated that plecewfse 
constant proportiona1 hazards mode1s which are used baslcally for 
survival data ana1ysis are identica1 to the models used in the analysis of 
conti ngency tables. Menken et flJ. (1961) have used the model f or the 
analysis of socio-economie inf1uence on marriage dlss01utlons 1n the USA. 
More recent1YJ Trusse1 et flJ. (1963) have used the model for the analysfs 
of covariates re14:1ted to infant and chlld mortalHy in Sri Lank4:l. 

To begin wlthJ let us denote by UÜ;, Zi) the hazard r4:lte 4:lt duratfon 1, for 

on lndlvidl.loI 1 with 0 known set of covoriotes ~. Accordtng to the 

proportlon4:l1 hazards model, the hazard rate U(1" Z;} can be written as the 

prOduct of two funcUons, one dependlng merely on Ume 1" ~mother 

depending mere1y on covariates Z; : 

U(1,) is called the base-Hne hazard at duration 1;; ~. 1s a vector of 

parameters to be estlmated. 

Unlike the constant hazard mode1 J where UÜ;> is assumed to remain 

constant over the whole time range, the plecewlse constant hazard model 
assumes that the hazard rate is constant 1n time intervals [tj_t,tj) 

(j= 1 ,2~,..,. J). It is thus assumed that there exlsts a set of constants aj 

0= i ." .. J} such that 

(2) 
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The constonts 0j ore unknown porometers ond should thus be estimoted. 

Substitution of (2) in (1) gives 

if t.e [t. t, t1 
"'1 J- J 

(3) 

Usjng tbe notations of conventional Hfe table analysls, the probability 
that an jndlvidual 'wah covarlates 2i surYlves upto time 1; is; 

s<!,. li) = exp{-Io U(s. li)ds) 

= exp[-A(lt)· exp(~'Zi)] (4) 

'y'·/here A(~) = L, U(s)ds 1s the cumulative base-line hflzard. Note that the 

prooability t.hat an lndividual dies 1n a small interval l!,J~+ds) 

approxlmately eQuals 

(5) 

2.2. The (log-)l1kellhood function 

One of the procedures for estimatlng t.he parameters of a spec1fled model 
1s the method of maximum likelihood. According to this method, the 
partlal deriv6tives of the log-l1kelthood functlon are set eQual to zero 
and the so obtalned system of eQuations is solved. We derive here the 
10g-l1kelihood function for the piecewise proportlonal hazards model. 

Let us 8ssume that we have n individuels under observ8t1on. Let Sf be en 

indicator veriable, wah Si= 1 1f the i-th lndivldual dies (or falls) at time 

1" end 5,=0 if the i-th lndi'11dual is censored at t1me lt. The contribution 

to U,e likellhood of the individuels who dIe 1s 

end the contrlbutlon of the censored individuels 1s 
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In general the contrlbution of the i-th fndiYidual can thw; be written as 

f' 

C:(t 7 '\ u(t z )0, 
~,~, "'"j/' .o.J' i ~ 

and the l1kelfhood functlon 1s thus (proportlonal to) 

(6) 

Taklng the natural logarithms of both sides of (6) and substHutlng the 
relative expressions defined in (3) and (4) yields the log-likelihood 

Heayy algebralc manipulations reduces (7) to the most commonly used 
form : 

where 

(8) 

Z,:: the set of different covariate vectors recorded; 

DlZ):: the number of lndlvlduals with covariates :z who die 

(fail) in the interval [tj-1 J t j ); 

k/z) = the set of individuals with covariates z who are still at 

risk at time tj-1< Note that R denotes a set and R stands 

for a figure. Formally Rj{z) = {ieRjIZi=z} (where Rj is the 

set of indjvlduals at risk at the beginning of the jth 
interval, Le. at time tj-1); 

Eij = the exposure time of the ith individual in the jth interval. 

The computatlon of E1j for discrete data requires some assumptions 

regarding the occurence of the events in the specifled interval. For an 
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intervol of unit length we wil1 ossumel followiog Menken et 81. (1981 . 
183): 

Eij = 1 

= 1/2 

=0 

1f ~ ~ t j 

if t. e [t.. l' 1..) .., r J 

if ~ < t;-1' 

For further simplificetlons the fol1owlng note11on cao be useful : 

In the following section, H 15 shown that the log-likelihood function 1n 
(5) îs equivalent to the one obtained by assuming EI Poisson dfstributlon 
for the observations 1n a cont1ngency table. 

2.3. The eQuivalence with log-linear models 

let D/2), (j= 1 ... ., J; 2eZ) be a discrete dependent variable havlng a POlsson 

dtstrlbutlon wlth mean Mj(Z), and conslder the followlng log-linear model 

far M}Z} : 

(9) 

The 10g-l1kellhood functlon for this model 1s : 

Substitutlorr of the expression for Mj(z) as speclfied in (9) flnally ylelds 

the log-likellhaod functlon 

The log-11kelihoods in (8) and (10) differ only by the term 
kzEOz!Pj(z).log(R/Z»-log(O/Z)!). This term. however, is independent of the 
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parameters 0; and pand may therefore be dropped. Due to this 

eQuivelence} we may use GLIM (or any other stat1stical package for 
log-1mear models êlnalysls) in order to estimate the unknown parameters 
of the piece>Nlse constant proportlonal hazards model. Before such an 
attempt, however, we descrlbe the use of the proportional hazards model 
1n slandardlsatiort 
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3. PROPORTIONAL HAZARDS HODELS AND ST ANDARDISATION 

3.1. Genera1 remarks 

Terms emp10yed 1n connection "''IUh the proportlona1 hazards models used 
in survival ana1ysis are ana10gous to the terms used in eonventforlal 11fe 
tables. The difference is that, in the former, the populatlon concerned 1s 
no longer considered as a homogeneous group--the risk of death/failure 
depends on Ule characteristies of the subgroups eonstituting the whole 
population. A case 1n pOint is the risk of death e1ass1fled by age and the 
regional plaee on the marital status of a person as is comrnonly used in 
multistate demograph1e ana1ysis. Instead of "death", the general term 
"failure" 1s usua11y used in view of lts extentfon to other arees su eh as 
fert1l1ty eind mlgration. 

Slnce proportlona1 hazards models are eurrently emp10yed for est1mat1ng 
the effeets of var10us covariates where eaeh constitutes a subgroup, it 
could be used also for the purpose of compering these groups through 
what are called standordised rates 1n convent10no1 sense. Being a 
statfstiea1 too1 of demographle comparlson .. standardisation is th us 
logically connected with the proportional hazords model for the purpose 
of tompar1ng the subgroups in 0 given setting. 

3.2. Use of the model in standardlsatlon 

For the soke of slmp1icity let us llmit our discusslon to mortallty 
analysls and borrow the notatlon (with some alterotfons) used by Hoem 
(1979). The pieeewfse constant proporti ona1 hozards model thot cou1d be 
used for the comparlson of morta11ty in subgroups k of 0 popu1ation is : 

( 11) 

where '-'k(X) is the deatt! rate at age x (1n completed years) for ths k-th 

group. (Uk(X) and U{x) are usually called the forces of morta11tyJ 810; 1S the 

group-speclfie rate independent of x, and U(x) is the age-speeH1e rate of 
all the groups combi ned. 
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let 

0k(X) = the number of deaths at age x in the k-th group, 

Rt/x) = persons exposed to the risk of aeath at aga x 1n the kth 

group (k = 1/2/ ..... K; x = 1, 2, .... JO, 

Comparing (11) 'with (3), we note that 

where Z are the covariates for the k-th subgroup and x is 1n the j-th 
time-interval. 

The log-11kellhood functlon of the model (3) 1s obtalned by resetting the 
subscripts 1n (8) or (10) (and omlttfng the constant term). Accordingly, 

log L = !k Ix [Ok(X).1og(U(x» + 0k(x).log(Bk) - U(x).Rk{x).Blc;l 

(12) 

The maximum l1kel1hood estlmators ~ and Û(X)., obtaÎned by 

dlfferenclat1ng log L satisfy the following eQuations : 

1\ 
8k = ------------

1\ 

Ix U(x).Rk(x) 

( 13) 
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ond 

( 14) 

Estlmates of 8k end U(x) satlsfylng (13) and (14) could be obtained by 

iteration, For instance, starling w1th Bk = 1 1n the first cycle of the 

lteration, the estlmates of the parameters are: 

and 

A O(x) O(x) 
u(xiO = -------- = ----

~ Rk(X) R(x) 

Th1s process is continued unti11 stable values of the estlmates are 
obtalned, 

Let us assume that the estimators have settled down to their maximum 
likellhood estimates of êk(n) and Û{x,n), (H,e superscipt n shows the n-th 

cycle of iteration). AccordinglYJ these estfmetes satlsfy the eQuet10ns 

Ok 
1\ 
B (0) - -------------k -

A () 
Lx U{x) n _1\ (x) 

US) 
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ond 

( 16) 

The values obtelned in each step of ihe lteret10n are sometjmes 
norma1ized for the purpose of jmproving convergence of the procedure 
(Mentel end Sterk, 1968; Irelend and KU1back, t 968). The estimates of the 
parameters obtained in the n-th cycle of the iteration, ~k(n) end Û(x)(n), 

are normalized by the fol1owlng resca1ing factors, C and 0, accord1ng to 
Hoem (1979) : 

end 

(C and 0 are the expected and observed number of deaths in the pooled 
groups respectively>. The normal1zed maximum llkel1hood estimates of 
the parameters are: 

( 17) 

end 

( 18) 

V/e ma!~ examine now the use of the estimates êk(n) and Û(x) (n), end ths 

normal1zed estimates Bk * end U(x)* I which are all indices used 1n 

conventional standardfsatfon. 
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3.3. t10del estlmates ond conventlonol indices 

Sirni1àt tv oUier iterative procedures used by Mantel and Stark (1968) , 
BteBlow and" ~ay (1975) among others, the stable values of the 
esUmators. S,,?) (see 15), could be used os an index relating to indirect 

1\. 
standardisation. For instance, the numerator of 9k{n) is the number of 

observed dealhs in k-th group, and the denominator 1s lha number of 
expecled deaths in the same group according to the estimated schedule of 
age-speeltlc death rates tl{xjrt). Thus \ (n) is the estimate of the 

Standardlsed Morta1ity Ratio (SMR). 

The normallzed estlmate of the parameter, '\ * (17) could be reloted to an 

index used in connection with direct standardlsation. Substitutlon of the 
values of C and 0 in (17) yields : 

1\ 
Ix U(x)(n).w(x) 

.. A(.) e - e n ---------------k - k . 

Ix U(x)O.w(x) 

where w(x) = R(x)lR. 

" A. " Recolling that ~(x) = ~(n). U(x)<n), we get 

1\ 
Lx L\{X).W(X) 

flk"* = ------------- , (19) 

Ix U(x)o.w(x) 

fik * is thl.ls the ratio of the estimated number of deaths in the k-th group 

to the tota1 number of observed deaths in a11 the groups combinad. Nota 
that the age-spec1flc rates of the k-th group, ~(X), are estimated 

according ta the model, and the age-composition of the combined groups 
is used as a standard. The estimate 1\* is th us a "special type" of 

Comparative Mortality Factor/Figure (CMF); since CMF is deflned as the 
raUo of expected deaths (obtained from the observed age-speciflc death 
rales of the k-lh group and the populotion composHlon of all the groups 
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combined), to the crude rote of the COt11blned groups (Spiegelmon, 1966 : 
219). 

An interesting application of (19) is the measurement of mortality 
differences of the groups under comarison by the ratio of the "spec1al 
type" of Ct1Fs '+thich will be called "model" CMF's and denoted by mCMF. 
For the comparison of two groups (suffixes 1 and 2) for instanee, ond 
with the notation olready lntroduced, thls ratio is : 

mCt1F 
1 a * 1 

------ - ------------- - ---- -
mCf1F

2 a * 2 

13 



4. IlLUSTRATION 

For illustrative purposes, let us consider the data ueed by Haem (1979), 
as shovYn in Table 1. In this example the risk factor is ässoeiated with 
marital status (having two categories: bachelors and merried Gerrnan 
malee), and the dernographlc phenomena under study 15 mortallty. 

As shown 1n Tabla 2, both crude ond ege-speelfie rates lnd1cate that 
mortalit!J varles by marital status ond oge. The crude rates of bachelors 
and rnarried men are .00517 ond .00300 respect1vely; g1v1ng a crude 
relativa rls~( of death of 1.72, indicoting th at men who remain bachelors 
tlave 72% higher mortality than married men. 

Although the trend of age-specific rates of bachelors and morried men is 
similar in Table 2 (the death rates by age desereases), the pattern of the 
age distribution of thelr respect;ve populations differ from one to 
another, Le. the proportion of morr1ed men increases, whlle that of 
bachelors decreases by age. 51nee their erude rates hide the dissimllar 
pattern of the age structures, a stondardlsed summery measure 1s 
reQuired for the purpose of meanlngful comparison of mortality bet ween 
bachelors end married men. Note thot such a situat10n ealls for the use of 
direct standardisatfon according to conventfonal analys1s. 

In the follo'1v'ing seetion '('Ie show how the estimates of the parameters of 
the proposed model (11) could be used as standardised indices for sueh 
comparisons, 

4.1. Estimation of the parameters 

The parameters of the model (11) were est1mated by iteration (eQuat10ns 
(15) and (16)). It may be noted that being maximum l1kelihood estimates, 
tt/ey satisfy (13) and (14) too. Of these estlmates, ~k(n) and lts normal1zed 

form Bk * J \Nhi eh could be interpreted as summary measures of 

group-specHic ratesr wi11 be the core of our discussion in the follawing 
seetions. 

For bachelors (k= 1) and married men (k=2), the values obtained by 
iteratlon are: B

1
(n) = 1.2134 and ê2(n) : .6588 respectively. ThlS glves a 

A 1\ 

relativa risk af 1.842 : s/n)/ S2(n). 
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Tob 1 e ,. Constructed number of deoths ond p-erson yeors of gerrClon mal es 
.!ty~ge and morital stotus. 

AGE DEATHS PERSON VEARS 
SINGLE MARRIED TOTAL SINGLE MARRIED TOTAL 

x Dl (x) D2(x) O(x) R, (x) R2(x) R(x) 

22 433 24 457 91,444 8,556 100,000 
23 412 36 448 86,835 12J08 99,543 
24 337 66 439 75,892 23,203 99,095 
25 331 102 433 63,241 35A15 96,656 
26 287 138 425 52,023 46,207 98,223 
27 242 171 413 42,123 55,675 97,798 
28 215 185 400 36,915 60A70 97,385 
29 192 200 392 32,215 64,770 96,985 

------------------------------------------
TOTAL 2AB5 922 3A07 480,688 307,004 787,685 

(Dt) (0) (0) (R
1 

) (R ) 2 (R) 

Souree : Hoem (1978 : 29); Table 3 ond Table 4 with subscripts of the 
notation by marital stotus reversed. 
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Toble 2. Prop-ortions, crude ond oge-sgeciflc deoth rotes of males by_ 
marital status. 

AGE DEATH RATES PROPORTIONS 
SINGLE MARRIED TOTAL SINGLEa MARRIEDb 

X u/'(x) o( . Uz x} U<'>(x) 

22 .004735 .002805 .00457 .190 .028 
23 .004745 .002833 .00450 .181 .041 
24 .004915 .002844 .00443 .158 .076 
25 ,005234 .002880 .00439 ,132 .115 
26 .005517 .002987 .00433 .108 ,151 
27 .005745 .003071 .00422 .088 .161 
28 .005824 .003059 .00411 .077 .197 
29 .005960 .003088 .00404 'cJ67 .211 

---------------------------------------------------------------
Crude 
Rates .005170 .003000 .00433 1.001 1.000 

Crude Relative Risk = .005171.003 = 1.72 

Souree : Ta01e 1 : 6=91444/480688 ..... ; b=8556/307004 .. , .. 
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Aftar normalization (sae (17) and (16», the estimales are: el ~ = 1.226 

and 82* = ,666, glvlng a relatl\'e risk of 1.844 = 81 */82*, 

" It may be noted that the relat1ve risks obtalned trom eken) end the 

normallzed estlmate ~* should be ldentical. since the norma1izatlon 
factor 1S ellmlnated in the process of comparlson. Their dlfference, 
accounted for here, may be attrlbuted to rOIJnding errors. 

6esides the method of aeration that enables one to ftnd the estimates of 
the parameters of the model, we may use GLIM for estlmating the 
parameters of a spec1ffed model 1nvo1v1ng particu1ar1y large data sets. 
Ot her reasons for uslng GLIM in the data of our illustration are descrlbed 
in the fol1owlng sect10n. 

4.2. The use of GLIM 

The establishment of theoretica1 llnks between the 10g-11kel1hood 
fUF/ction of the hazards model and the 10g-likellhood funcHon for 
mu1tlp1icatfve models of cont1ngency tables (eQuations (8) and (10» 
encourages us to treate the data of Table 1 as a contingency tab1e and 
estlmate the parameters by uslng GLIM. 

GLIM was used also due to the aval1abllity of two types of normal1zatlon 
procedures cornmonly known as the constraints imposea on the 
parameters of the proposed model. We cal1 these constraints "GLIM" and 
"lJsual" constraints. The purpose of using these constralnts is to 
reinterpret the parameters of the multipllcatlve models under 
constructlon in the present discussion 1n terms of indices commonly used 
in standardlsatlon. 

According to the "GLIM" constraints, the parameters of the flrst row and 
flrst column of an I):"~J table having two factors A and 8, say. are unlty as 
f 0 11 ows (Pl ackett, 1974) : 

\IJA_WB_ .... " AB -wAB-l Hl - 1 - TT1j - 11 -, 

'y'v'here the w's aenote the parameters of a multipllcative model: Wi
A and 

wl tjre the maln effects of factors A and B, and wi/
B stands for the 
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interactiOf! effects of A ond B. 

Their counter parts in the log-linear model are: 

U A_UB_U AB -UAB-O 
1 - t - lj - i1 - I 

where 

Recent dlscusslon regardfng relatfonshlps and use of multlpl1catlve and 
log-l1near roDdels could be found in the work of Frans Wl11ekens (1961, 
1982). 

According to this model specification and the constralnts mentioned 
above, tha subgroup having the parameter which has been asslgned the 
value of unfty (Le, "'''1 = 1,.,,> is considered as the reference or standard 

group, and other parameters measure the relative risk. 

The computer 11st1ng of our illustration accordlng to the "GLIM" 
constraints (Appendix) shows estlmates of the parameters of alog-Hnear 
model. Since we have two groups under comparfson, the value of only one 
estimate, ul, ls shown (the value of the other estimate is zero according 

to the "GLIM" constra1nts). Note that 1n the computer 11st1ng ul ls 

denoted as K2. 

The value of K2 is -.6111, gl"'1ng w2 = .5428. Since wl = 1 (accordlng to 

"GLIM" constraintst the standardlsed re1at1\'e risk (SR!) is equal to 1.842 
= 1/.5428. Comparing SRI with the crude relathle risk of 1.72 (Table 2t 
we see that after model corrections for age dlfferences, men who remajn 
bachelors have obout 71 O.e., 1.842-1.720) higher risk of death. 

1\ 1\ 

Since the relative risk w,lw2 is found to be the same as B1(n)/ 82(n)" there 

1S reason to interpret wl and w2 as the SMRs of group 1 and group 2 
1\ 

respectively. Note that 8k(n) is obtained through iteration and eQuals the 

SMR of the kth group. Thls argument may not, however, sound correct, 
slnce the value of w. or \1'12 is not eX6ctly eQual to ê,<n) or ~(n) 
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respectively. This might be due to the reosonl thot the volue of wl has 

been orbitrarily set equal to 1 (according to "GLlM" eonstraints). 'v-le 
U1erefore now conslder the "Usual" eonstraintsl whlch are sl1ghtly lees 
restriet i 'te, 

Blshop et ol (1975), Goodman (1970, 1971a, and 1971b), payne (1977) 
and Everltt (1977) among others use the followlng constralnts whlch are 
commonl!J known as "Usua1" constraints : 

for multlpl1cative models and 

for 10g-linear models. The reletionshlp between the w's end the U's 1s the 
same as that stated eccordjng to "GLIM" constrelnts. 

In the computer I1stlng worklng wlth "Usual" constralnts (Appendixt the 
\Iatue of ~B (te' l K2) is -.3056} and therefore according to the 

constraints l Ul B (Le.} K 1) 1s eQual to .3056; g1',11n9 w1 and w2 equal to 

1.357 and .737 respectively. The standardlsed relative risk w,lw'}. ls 

equal to 1.642 = 1.357/.737} which is similar to the one obtained 
accordirlg to "GLIM" constraints. 

The ..... alues of Wl and W2 accorcling to "Usual" constraints are somewhat 

simllar to the obser',1ed SMR's (based on the age-speeifie mortality rates 
of both groups comblned as a stendardl te., L 178 for group 1 and .709 for 
group 2). We cell these estlmetes somewhet sfmiler to SMR's of ths 
groups eoncemed, beceuse unlike the "GLIM" constarlnts wi is not 

arbltrarily eQual to unlty. 

Therefore when reQuired, the parameters related to on addftive 10g-linear 
model, 1.e., w1 and w2, under the "Usual" constraints in particular, could 

be interpreted as estimates of the SMR's of the grolJps under comparlson. 
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5. SOt1E CONCLUSIONS 

The examlnatlon 01 the piecewise constant proportfonal hazards model 
and lts equivalent log-linear model, together vtith the numeri cal 
excercise (the present exercise consists 01 comparing mortalfty of ty"o 
groups) suggest the followlng results and conclusions. 

L Mortal1ty dH1erences between subgroups are measured by standardfsed 
ratios. The est1mators that are apt 10r the purpose of such standardised 
compari sons are: 

A ( • 
a. 8k

lfl) - we rnay call1t model SMR, and denote it by mSr-1R. It is based 

~n th,e estlmated age-specHic rates of all the groups combineó, 
U(x)(O) - w~ed as a standerd. For two groups (k = 1,2), thelr ratio 
measures the realtlve risk. We maM c~l1 it the Standardlsed Relative 
Risk, and denote 1t by SRR1, Using ak(n) and the related notation, SRR1 

1s : 

b. 9~ - A special type of CMF for the k-th group - mCMF, We caU 1t 

model CMF slnce the age-speclf1c rates of eech group are estimeted 
through the model, and the proport1ons of both groups combined is 
used 6S a set of standards we1ghts, hence, jn thls estlmator two 

1\ 

standards are employed, Le. I.\(x) and R(x). We shall come to thlS 

point later on. For two groups under comparison, the ratlo 01 their 
estimated CMF 1s the SRR, that is: 

SRR2 = mCMF 1 fMCMF 2' 

C. 6y using GLIM we have introduced the k-th column effect parameter, 
Wk' We have indicated that Wk 1s somewhat closer to ths observed 

SMR of the k-th group under the "Usufll" constraints. For the two 
groups under comparison in our l1lustration the ratto of the 
estlmates gtves SRR, Le., 
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An importont conclusion is thot, by whotever name we call the 
estimators mentioned obove) the standardised relative risk (SRR) of these 
estimators is identical} Le.} measuring identicat differences of mortalit.y 
between ths groups under comparison. As we have seen in our illustration 
the rel at i 'Ve ri sk obtai ned by us; ng a} b, or cis 1.84, showi n9 that the 
mortality of group 1 is 84% higher than group 2. We may ttlerefore not 
conclude that the model could be used for both direct and indirect 
standardi :5at i on. 

2. The model provides basically an alternatlve to indirect standardisatlon 
which is recommended when the age-specHlc data relating to the 
phenomena under study} are either tot.ally or partially not available. In 
this respect) the model prov1des the best alternative to indirect 
standardfsatlon. Note that for estimating the estimators êk(n) and Û(xjn) 
by Heration, we require the data on the totat number of deaths in the k-th 
group, Ok' the population composition of the k-th group Rk(x), and the 

deoths by age of all the groups combined, D(x), showlrlg that the 
age-speciffc death data are not reQuired for the groups under comparfson. 

" An interesting property of the estlmator 8k(n) is that SRR
' 

could be used 

to show the relatlonship between crude rates and expected rates of the 
groups under compar1son. For instanee} as already defined SRR1 is 

AC A u) 8
1 

n) 0, Ix U(xrl'l .R
2
(x) 

SRR1 - ---- - ---- --------------

< - gz (n) - 02 ·!x Û()(~n).R, (x) 

" A (n) 
2x Ut (x)O.R1 (x) 2x U2{x).R2{x) 8, 

- -------------- -------------
1\ ê (n) Ix U2(X)O.~(X) !x U1 (x).R, (x) 2 

Where IJk(xY) is ths observed age-speciflc death rate of the k-th group flnd 

Ûk(x) = êk(rö.û(x) (n). 

EQuotion (20) holds lf 
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A 
IX U1 (x)o.R1 (x) Ix U2(x).R2(x) 

-------------- , ---Ä--------- = 1, 
~ U2(x)O,R2(x) ~x Ut (x),R, (x) 

Dne of the conditions for this equality to be true is that the number of 
observed deaths in group k, ~ Uk(xr.~(x), equals the number of expected 

" deaths,. ~ ll(x),Rk(x), Thls 1s an important property of the estimates 

obtained in contingency table analysis and bi-proportional adjustment 
procedures. Comparison of the results in Table 2 and Table 3 shows that 
this is indeed the case. Note that 1n these tables, instead of total number 
of deaths, the crude and expected death rates are shown to be equaL 

For the pu~ose of camparison, therefore, the estimated age-specific 
death rates ~(x) have to be weighted bya different set of weights (other 

than R, (x) and R2(x». One set of such weights is the population 

composition of both groups comblned, i.e. R(x) or w(x) = R(x)/R. If the 
" v'Ielghts '1,,(x) áre used 010ng with the estlmated age-specific rates 4r.(X), 

we could easlly flnlj SR~. 

It follows that, when we speak of norma1ized est1mators Bk" or the 

reloted index SRR2. we use in fact two standards, namely Lk(x) estimated 

trom the model (11) that is commonly used for indirect standardlsation,. 
end aftentv'ards apply the population composition of both groups combined 
(w(x» as a standard - a procedure that 1S normally used in direct 
standard; sat i on. 

Therefore, we may not say that the proposed model (11) is applicable to 
both direct and indirect standardfsatlon. We should rather say that the 
method proposed uses both types of conventlonal standardlsation 
procedures when requl red. 

3. It is interestlng to note t.hat jf we had not used the estlmated values 
<Ok{x» - obtained after using the model (11), but instead the observed 

age-specHic deaLh rates of the groups urlder comparison ( U~(x)) together 

wHh the populatlon composlt10n of the comblned groups (w(x», the 
conventlonel standardised risk denotes by SRRc for the two groups 1n 
questton would have been 
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Toble 3. Est1moted oge-specif1c rotes ond proportlons of persons exposed 
to the risk of death by moraal status. 

AGE ESTIMATED RATES a PROPORTIONS b 

SINGLE MARRIED SINGLE MARRIED 

1\ A 
X U (X) 1 U2(x) w1{x) W.,(x) .... 

22 . 00476 .00258 .190 JJ28 
23 .00478 ,00259 .1 El 1 .041 
24 ,00496 .00269 .158 .076 
25 .00525 ,00285 ,132 .115 
26 .0055 t .00299 .108 .151 
27 .00571 .00310 .088 .181 
28 .00573 .0031 t .077 ,197 
29 .00582 .00316 .067 .211 

1.001 1.000 

a : From computer listings as shown in the Appendlx 
b : From TF.lble 1 : W1 (x) = R1 (x)1 R1 F.lnd Wz(x) = R2(x)1 Rz 

23 



Toble 4. Observed oge-sQeclfic death rates by moraal status$ ond 
QroQortions of gersons eXQosed in bath group-s combi ned. 

AGE OBSERVED RATES PROPORTIONS 
SINGLE MARRIED COMBINED 

x U
l
°(x) U

2
°(x) w(x} 

22 .004735 .002805 .127 
23 J)04745 .002833 .126 
24 .004915 .002844 .126 
25 .005234 .002880 .125 
26 .005517 .002987 .125 
27 .005745 .003071 .124 
28 .005824 ,003059 .124 
29 .005960 .003088 .123 

Standardlsed 
Rates 1.000 

Ix w(x) . 1J1 ') (x) .005330 

SRRc = -------------- = --------- = 1.6096 
Ix 'y'v(x) . U2'" (x) .002945 

ij : From computer 11st1ngs as shown in the Appendlx 
b : From Tabla 1 : 'vVl (x) = Rl (x)1 Rl and w/x) = R2(x)1 R2 
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~ w(x).U, O(x) 

SRRc = ------------- . 
L:

x 
w(x).lI

2 
O(X) 

Usi ng the data of Dur i 11 ustrat i on, the SR~, i.e. based on observed data, i:5 
1.31 as shovm in Table 4. This shows that the mortality of group 1 
(bactielors) is 81% higher than the mortality of group 2 (married men). 
Note that SRR" is in fact the ratio of CMF1and CMF2, boUI of 'f/hieh are 

based on onsen/ed data. 

BIJt CMF like other directly standardised measures depends on the 
standard used. For instance, when the population distributlon of group 2 
(w2(x) = R2(x)/R2) is used instead of w(x), the relative risk goes up to 

1.86. showing Ulat the mortality of group 1 is 86% higher than group 2. 

4. The Quest i on is VT'hy the rel at i "Ie ri sk based on the model i s di ff ere nt 
from the standardised relative risk based on the observed data? The 
answer is found lmmediately by cornparing the ratio of model CMF's (19) 
with SRR" defined above. It is due to the use of estimated rates ~(xj in 

the former (1.e., mCMF's) and the observed rates l\.:(x)O in the latter. The 

" estimated rates Uk(x) are, however. closer to the observed rates as shown 

tn the output (Appendix) unlike the estimated rates of both the groups 
combined (Le. O(x~n» - see graphs in the Appendix. 

5. Besides various reasons quoted earlier, we have used GLIM for 
tntroduclng the parameters of an additive log-linear model that could be 
easily used for the parameters of its counter-part multiplicatlve model. 
The advantage of using such an multiplicative model is that the relative 
risk obtained from the estimates of the parameters of a multiplicative 
model, Le. w's, is identical to the relative risks obtained by using the 
piecewlse constant proportional hazards model (Le. w, /w2 = ê/n)/ ~2(rl .. J 

AnlJther reason tor using GLIM is that the variance-covariance matrix of 
the estirnates whtch are themselves normally distributesd is readily 
available, and could be used for finding the standerd error of the 
stendardised index in question. 

The reason of our interest here is, however, Ulat model (11) end the 
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odditive 10g-l1neor model fitted on the doto of Toble 1 (our il1u~trotion) 

by usîng GLlt1 áre tdenUca1. The group-specific rates of modei (11), i.e. ~, 
are therefore slml1ar to the parameters Wk of the unsaturl:Jted 

multfol1cattve (addltfve log-l1near moden. Sfnce the estlmate of Bk (I.e. 

9/0» obtoined by lieratton stands for the SMR of the k-th group, the 

estunate of Wk may be 1nterpreted as ths SMR of ths k-th group, rtlis 

lnterpretatton could be used only in the case of an additlve log-11near 
model or lts counter-part multiplicatfve model, i.e. the model where 
mortaHty dlfferences are measured by a ratio estlmate. 

6. It has been found that the piecew1se constant proportional hazards 
model (1n theory as weIl as in the present 111ustration) provldes 
estlmetes of the age-speclfic ratesi and does not deal with the 
estlmation of weights required (wlch could be used as a standard; note 
that the weights used are taken from the observed data, l.e. w(x». Stnce 
model (11) lS similar to an additive 10g-linear model (unsaturated 
moden,the saturated 10g-l1near model seems to be a preferable candldate 
for solv1ng the problems of both direct and indirect standardlsatlon. It 
may be noted that such models solve the problem of selectlng weights 
(standerds) at once, because the estlmates of the parameters of a 
saturated model are lndependent of the wetghts used. The search for a 
standardised lndex based on a saturated model1s therefore requtred. 
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APPENDICES: GLIM programs and outputs 

A, L The GLlt1 constraints 

$C RELATIONSHIP BETWEEN HOEM'S MODEL (1978) AND LOG-LINEAR 
'$C MODELS USED FOR STANDARD I SAT ION 
$C************************************************************ 
'$C * GL I M - CONSTRA I NTS * 
'$C************************************************************ 
'$UNITS 16 
'$OATA K X DKX RKX 
'$READ 1 22 433 91·444 

1 23 412 86-.'-335 
1 24 373 75992 
1 25 331 63.241 
1 26 287 52023 
1 27 242 42123 
1 28 215 36915 
1 29 192 32215 
2 22 24 8556 
2 23 36 12708 
2 24 66 23203 
2 25 102 3S415 
2 26 138 46207 
2 27 171 55675 
2 28 lS5 604 70 
2 29 2>00 64770 

'$C K:= NIJMBER OF >~ROOPS (K::1 FOR BATCHELORS, K=2 FOR MARRIED MAN) 
$C X:= AGE 
'$C RKX = NUMBER OF PERSONS EXPOSED TO THE RISK OF ,OEATH AT AGE X 
'$lC IN GRCUP K 
'$lC DKX = NUMBER OF DEATHS AT AGE X I N ·~RQlJP K 
'$lCALC T=X-21 
'$FACTOR K 2 T 9 
'$lVAR 8 XO AX R X DX MUX UX I : :2 TE DE U 
'$lCALC LKX:=Y.LOG (RKX ) 
'$lYW~R ,OKX 
'$lOFFSET LKX 
'$lERROR P 
'$lFIT T+K 
'$lDISPLAY MAR 
'$lEXTRACT XPE 
'$lCALC XD=XCU (DKX) : I:=Y.GL (8~ 1) : 

DX(I)=DKX(I)+DKX(I+9> : RX(I)=RKXCI)+RKX(I+8) 
MUX:=DX/RX : 
AX(I)=XFV(I)/RKX(I) : 
Y.C=XCU(RX*AX) : 
AX=AX*XD/XC : 
XT=XEXP (-XPE C 9» : TE ( 1 ):=Y.C/Y.D : TE (.2) =TE ( 1 ) /XT : 
XA=XCU(DKX(I» : XS=Y.CUCMUX(I)*RKX(I» : DE(1)=7A/XS : 
XA=xcueDKX(I+8» : Y.B:=Y.C~J(""JX(I)*RKX(I+S» : DE(,2)=XA/XB 
XQ=,OE ( 1 ) /DE (,2) : 
U=DE/TE : Y.~=U(1)/lJe2) : 
UX=MUX/AX : XO=I+21 

'$lPR ", 
" AGE-SPECIFIC MORTALITY RATES : 
" ****************************** 
" ~dE OBS. RATE 
11 Kl+K2 

'$LOOK XO MUX AX UX 

u • 

.. . 
EST, RATE 

Kl+K2 11 

,OISTORTION .. 

'$PR : : : 11 PLOT OF aaSERVE,O (M) AND EXPECTED (A) RATES u 

" ******************************************* 11 

'$lPLOT MUX AX XO 
'$lPR: : : 

11 STANDARDISED MORTALITY RATlOS " , 
u ***************************** " , 
/I K=l K=2 (1 )/(2) " 
u HOEM'S SMR 11 TE Y.T 
" DBSERVED SMR" DE Y.G 
11 ,OISTORTION 11 u Y.U 

'$lSTOP 
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>~LIM 3. 11 (C >1977 ROYAL STATISTICAL SOCIETY, LON.DON 

SCALED 
CYCLE DEVIANCE DF 

2 1. 047 7 

Y-VARIATE ~X 
ERROR POISSON LINK LOG 
OFFSET LKX 

LINEAR PREDICTOR 
7.GM T K 

ESTlMATE S. E. 
1 -5. 349 · 4692E -() 1 
0 ZERO ALIASED 
2 · 493>:>E -:>2 · ,~6~'3E -10 1 
3 · ·422·4E -:> 1 .o6693E-()1 
4 · '999aE -:> 1 .o6750E-Ol 
5 .14706 . o6937E-':> 1 
6 .1927 · ,~962E-':>1 
7 .197·4 · 707ûE-':>1 
9 .2017 · 7161E-:>1 
0 ZERO ALIASE.D 
9 -. ,~111 . 4174E-':> 1 

SC ALE PARAMETER TAKEN AS 

'JNIT OB8e:RVED FITTE.O 
1 ·433 434.9 
2 ·412 415.0 
3 373 376. 5 
4 331 33.2. 1 
5 297 28.':1.9 
6 242 24>:>. 5 
7 215 211. 7 
9 192 197. 5 
9 24 22.09 

10 36 32.96 
11 66 62.49 
12 102 100.9 
13 139 139.2 
14 171 17.2. 5 
15 195 lea.3 
16 .200 204.5 

AGE-SPECIFIC MORTALITY RATES: 
****************************** AGE OSS. RATE 

Kl+K2 
1 2.2. 00 . 4570E-:>2 
.2 23.00 .4501E-:>2 
3 24. 0>:> . 4430E-02 
·4 25. 00 . 439'9E-·:>2 
5 2,~. 00 . ·4327E-02 
06 27.0>:> . 4223E-02 
7 26. 0>:> . ·4107E-·:>2 
8 2'9. 0>:> . ·404.2E -02 

PARAMETER 
'%GM 
T( 1) 
T(.2) 
T(3) 
TC·4) 
T(5) 
TCo6) 
T(7) 
TCS) 
KC 1) 
K(.2) 
1.000 

RESIDUAL 
-.9191E-01 
-. 1·490 
-. 1915 
-. 5-'39OE -01 

· 1392E-Ol 
. 9747E-Ol 
.2235 
.3321 
· 4>:>74 
.5.296 
.4457 
· 1069 

-.2006E-Ol 
-.1151 
-.2370 
-.3179 

EST. RATE 
Kl+K2 

.3973E-02 

.399.2E-02 
· ·4040E-()2 
· 427,~E-02 
· ·449'9E-02 
· ·464'9E-02 
· ·4671E-()2 
· ·4739E-02 
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DISTORTION 

1. 190 
1. 15-6 
1. 097 
1.0206 
. '963'9 
. '9093 
.8793 
.953>:> 



PLOT OF OBSERVED (M) AN.O EXPE>:TEO (A) RATe:S 
******************************************* 

· 48OE: -0.2 * 
· ·47SE-0.2 * A 
.470E:-0.2 * 
.46SE-0.2 * A A 
· 46OE: -0.2 * 
· ·4öSE-0.2 * M 
· ·4 öOE: -0.2 * M A 
44SE-0.2 * M 

: 44OE: -0.2 * M 
· ·43SE-0.2 * M 
· 43OE: -0.2 * A 
.42SE-0.2 * 
· 42OE: -0.2 * M 
.41SE-02 * 
· ·410E:-0.2 * M 
· ·40SE-0.2 * A M 
· ·40OE: -0.2 * 
.39SE-02 * 

390E:-0.2 * A 
: 38SE-0.2 * A 
· 38OE: -0.2 * · ........ * ......... * ......... * ......... * ......... * ......... * ..... . 

20. 8 22. 4 .24. >:> 2ö. 6 27. 2 28. a 

STANDARDISEO MORTALITY RAT lOS 
***************************** K:::::1 K=.2 
HOEM'S SMR 1 . .228 0.666ö 
OBSERVED SMR 1. 179 0.7094 
DISTORTION 0.9603 1.~~4 

(1)/(.2) 
1.843 
1.662 

0.9022 
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A.2. The usua 1 constral nts 

'$C RELATIONSHIP BETWEEN HOEM'S MQOEL (1978) AND LOG-LINEAR 
$C MODELS USED FOR STANDARDISATION 
$C************************************************************ $C * USUAL - CONSTRAINTS * 
'$C************************************************************ '$UNITS 16 
'$DATA K X DKX RKX 
'$READ 1 22 433 91444 

1 23 412 86935 
1 24 373 75992 
1 25 331 63241 
1 26 297 52023 
1 27 242 42123 
1 28 215 36'915 
1 29 1'92 32215 
2 22 24 8556 
2 23 36 12708 
2 24 ó6 23203 
2 25 1~:>2 35415 
2 26 138 46.207 
2 27 171 55675 
2 28 195 60470 
2 29 2()0 64770 

'$C K:= ~JMBER OF >~RCIIJPS (K:=l FOR BATCHELORS, K=2 FOR MARAIED MAN) 
'$C X == A>~E 
$C RKX = NUMBER OF PERSONS EXPOSED TO THE RISK OF DEATH AT AGE X 
'$C IN GRQUP K 
'$C DKX = NUMBER OF DEATHS AT AGE X IN -GRCIIJP K 
'$CALC T=X-21 
$CALC K2=XEG(K, 1)-XEG(K,2) 

T2=XEG(T,l)-XEG(T,2) 
T3=XEG(T,l)-XEG(T,3) 
T4=XEG(T,l)-XEG(T,4) 
T5=XEG(T,l)-XEG(T,5) 
T6=XEG(T,l)-XEG(T,ó) 
T7=XEG(T,l)-XEG(T,7) 
T8=XEG(T,1)-XEG(T,9) 

'$VAR 8 XO AX RX DX MUX UX I : .2 TE DE U 
'$CALC LKX:='Y.LOG (AKX ) 
'$YVAR DKX 
'$OFFSET LKX 
$ERAOR P 
'$F I T T2+ T3+ T 4+ T5+ T ó+ T7+ T9+K2 
'$DISPLAY MAR 
'$EXTRACT XPE 
'$CALC XD=XCU (DKX) : I:='Y.GL (8. 1) : 

DX(I)~OKX(I)+DKX(I+8) : RX(I)=RKX(I)+RKX(I+8) 
MUX:=DX/RX : 
AX(I)=XFV(I)/RKX(I)/7~XP('Y.PE(9» : 
XT=XEXP(-XPE(9»: TE(l):=l/XT: TE(2)='Y.T: 
XA=XCU(DKX(I» : XB='Y.CU(MUX(I)*RKX(I» : DE(1)=XA/7~ : 
XA=XCU(DKX( 1+8» : 'Y.B:='Y.C'J(MUX( I )*AKX( 1+9» : DE(2)=XA/XB 
XG=DE(1)/DE(2) : 'Y.T=7~XP(2*XPE(9» 
U=DE/TE : 'Y.~=U(1)/U(2) : 
UX=MUX/AX : XO=I+21 

'$PR ::: 
11 AGE-SPECIFIC MOATALITY RATES ; 11 , 

11 ****************************** 11 , " A-GE OBS, RATE EST, AATE ,OISTORTION .. 
11 Kl+K2 K1+K2 11 

'$LOOK XO MUX AX UX 
'$PR : : : 11 PLOT OF GeSERVED (M) AND EXPECTED (A) RATES" 

11 ******************************************* 11 

'$PLOT MUX AX XO 
'$PR: : : 

11 STANDARDISED MORTALITY RATlOS 11 • 

11 ***************************** 11 , 
11 K=l ~=2 (1)/(2) 11 

11 HOEM'S SMR ti TE XT 
u DBSERVED SMR 11 DE 7.G 
11 DISTORTION If U 'Y.U 

'$STDP 
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JLIM 3.11 (C>1977 ROYAL STATISTICAL SOCIETY, LO~OON 

g..::::ALED 
CYCLE DEVIANCE DF 

2 1. 047 7 

Y-VARIATE DKX 
ERROR POISSON LINK LOG 
OFFSET LKX 

LINEAR PREDICTQR 
XGM T2 T3 T4 T5 T6 T7 T8 K2 

ESTIMATE S. E. 
1 -5. 54.-:' · 1947E-Ol 
2 .1032 .451SE-Ol 
3 . ó593E-()1 · ·4511E-Ol 
4 . '91 94E-()2 · ·4505E-()1 
5 -.393SE-()1 · ·4 54.2E -()1 
6 -. 744SE-()1 · ·4630E-Ol 
7 -. 7919E-()1 · ·4725E-()1 
8 -. '9350E -:> 1 · 4806E -.:> 1 
9 .3056 · .2087E -.:> 1 

SCALE PARAMETER TAKEN AS 

'JNIT OBSE:RVED FITTEO 
1 433 434.9 
2 ·412 415.0 
3 373 376. 5 
4 331 332. 1 
5 .287 286.8 
6 .242 24>:>. 5 
7 215 211. 7 
8 192 187. 5 
9 24 22.09 

10 36 32. 96 
11 66 62. 48 
12 102 100.9 
13 138 13S.2 
14 171 17.2. 5 
15 185 189.3 
16 200 20-4. 5 

AGE-SPECIFIC MORTALITY RATES : 
****************************** 

1 
.2 
3 
4 
5 
.!:J 
7 
a 

AGE a8S. RATE 

2.2.00 
23.0>:> 
24. 0>:> 
25.00 
26.0>:> 
27.0>:> 
28.00 
2'9. 0>:> 

Kl+K2 
· ·4570E-02 
· ·4501E-:>2 
· ·4430E-:>2 
.438'9E-02 
. 4327E-02 
.4223E-02 
· ·4107E-02 
.4042E-02 

PARAMETER 
7.OM 
T2 
T3 
T4 
T5 
T6 
T7 
T8 
K2 
1. ':>00 

RESIDUAL 
-.9181E-Ol 
-. 1490 
-. 1915 
-.5S90E-Ol 

· 1392E'-01 
. 9747E-Ol 
.2.235 
.3321 
.4074 
· 5.286 
.4457 
· 1068 

-.2006E-Ol 
-. 1151 
-.2370 
-.3179 

EST. RATE 
Kl+K2 

· 3504E-':>2 
.3521E-02 
· 3655E-·:>2 
.386SE-02 
.4061E-()2 
· 420-1-:'E-02 
· 4226E -':>2 
.4287E-02 
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D ISTORT ION 

1. 30-4 
1.279 
1. 212 
1.135 
1. 065 
1.004 
. '9720 
. '942'9 



PLOT OF OBSERVED CM) ANO EXPECTEO CA) RATES 
******************************************* 

.462E-02 * 

. 456E-02 * M 

. 450E-02 * M 
· 444E-0.2 * M 
· ·43SE-0.2 * M 
· 432E -02 * M 
· 426E-02 * A 
.420E-02 * 2 A 
· ·414E-02 * 
.40SE-02 * A M 
· ·402E-02 * M 
.396E-02 * 
.390E-02 * 
· 384E -02 * A 
.37SE-02 * 
.372E-02 * 
.366E-02 * A 
.360E-02 * 
· 354E-02 * A 
· 34SE -02 * A 
.342E-02 * ....... * ......... * ......... * .. " ....... * ......... * ......... * .. 

20.8 22.4 24.0 25.6 27.2 28. a 

STANDARDISED MORTALITY RAT lOS 
***************************** 
HOEM/S SMR 
OBSERVED SMR 
DISTORTION 

1(:=1 1(=2 
1.357 0.7367 
1. 179 O. 7094 

0.8688 0.9629 

(1)/(2) 
1.843 
1.. 66.2 

0.9022 
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