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HIDDEN HETEROGENEITY IN COMPOSITE LINK MODELS :
FURTHER DEVELOPMENTS

Famitle Yenderboetl *

1. INTRODUCTION

Recently, Vanderhoeft (1986) considered the problem of taking
unobserved heterogeneity into account when the basic tool for analysis is
a composite link model. In the present notes we try to give a more
complete overview of such models and methods. Attention is focused
mainly on models for binomial and Poisson data.

In Section 2 we discuss an extension of Thompson and Baker's (1981)
composite link model. In Section 3 we introduce in this maodel
multidimensional hidden heterogeneity {for binomial and Poisson data).
in Section 4 and Section 5 we discuss approximate models which allow
for estimation of the parameters of the composite link model with hidden
heterogeneity. Section 6 applies the methods in a reanalysis of binomial
data used by Williams (1982} and Poisson data used by Breslow (1954).
Finally, Section 7 introduces a simulation study.

The discussion is far from complete. Mathematical details are not
included. The reader is strongly advised to have a look at the preceding
paper by Yanderhoeft {1986).

¥ Camille Yanderhoeft, Interumiversity Programme in Demography, ¥rije Universiteit,
Pleinlaan 2, B- 1050 Brussels, Belgium.



2. 4 COMPOSITE LINK MODEL

Consider observations y, {i=1, M), with expected values . The p. depend
on linear parameters ;:?1 ,:S‘p as follows :

p=c(n), (2.1)

where the f;]{.) are known functions from R into R, and n is a vector
(- nﬂ()T of k linear predictors which are defined as follows. Consider
the block-diagonal matrix

X, 0
¥%=|0X, , {2.2)

the supervector

B, |
2= . , (2.3)
B -
and their product
X By iy
*ﬂ - = = l'k R (24)
L4 T

Note that Xij is a vector of covariates for the i-th observation and
corresponding to the j-th linear predictor; ﬁj is the vector of linear

parameters corresponding to the j-th linear predictor. It is not difficult
to see that the model of Section 1 can be treated as a composite link
model as defined here above; note that the linear predictors may indeed



depend on different sets of covariates.

If pj and xij have Py components {so that p:Ejpj), denoted respectively as
By and X (s=1,.. pj}, and if ::'ij(qi} is the j-th partial derivative of c(n)
then we can prove the following theorem.

Thegrem 1

If the y are independent with distribution belonging to Nelder and
Wedderburn's {1972} exponential family

p(y..8., p)=explec ()Y, B.-g(8.)+h (Y.} +cly,y.)l, (2.5)

then the maximum likelihood estimates of the linear parameters of the
above composite 1ink model can be found by iterative reweighted least
squares (IRLS) with

. . *
working dependent variables z;=3, X™;; B, +(y;- 1),
working independent variables X =0 m) X, (j=1,.k; s=1,..p;), and

iterative weights w.=1/12 (where ¢Z =dy./d8.).

Corollary 1

- —p? ¥ . 3 5 R T
It p,=..=p,=p°, xij-xj-(xj,,...x@c)mr all observations i and pj-ﬁ-(ﬁv..ﬁpe)
for all j=1,.. k, then p;=q for all i and we can apply Theorem 1 with

working dependent variables =%, c".(mn+(y;- 1),
working independent variables X*;,=2; . (p).X,, (s=1,..p°), and

iterative weights w.=1/t2 {where 12 =dy./d8,).

We can write c'ij(q)zauifanj, hence Corollary 1 is a result discussed by



Thompson and Baker {1981:Section 5).

Corollary 2

if k=1 in Theorem 1, then the ML estimates of the linear parameters can
be found by application of the IRLS procedure with

vrorking dependent variables zi:'zsxis_ﬂ;{gi—ui)fc'i{n‘.},
unchanged working independent variables xis {s= },.-.pt), and
iterative weights w,=c’,(n.*/t2 (where 2 =dy./d8.).

This is Nelder and Wedderburn's {1972) original result for a single linear
predictor.

Remarks

i) E(y) = ;= 9'(8,)

i) var(y.) = t2/c.{p) = g"(B.} o (y) = (dp./dB.)/c(y)

iii) It is assumed that e(g)= /9. The o, are usually called prior werghts.
For one-parametler exponential families ¢ =1.



3. MULTIDIMENSIONAL HIDDEN HETEROGENEITY {HH)

In this text we will discuss the following models for, respectively,
hinomial and Poisson data :

g, U =8 (n, 1) (3.ta}

B, = ¢l = n Fln+U) {3.1b}

U = (0, %) {3.1c)
and

g%, U, = P (1) {3.2a)

i = cln+ll) = n Fn+2) (3.2b)

U, ~ (0, %) (3.2c)

where (3.1c) means that the random vector Ui, which represents the

hidden or unobserved information for the i-th observation, has some
{multidimensional) distribution with mean vector 0 and dispersion matrix
Z. Note that I8 is the conditional expectation of Ui, given % and U,. More

details can be found in Vanderhoeft {1986).

in the next sections we will discuss how the parameters of the models
{3.1) and (3.2) can be estimated.



4 APPROXIMATE MODELS - METHOD
4.1. The approximate models.

From (3.1) and {3.2) one can derive the Tollowing approximate model {cf.
Yanderhoeft, 1986) :

E(y) = p {4.1a)
var(y)  %/o. (4.1b)
where for binomial data : j = ¢,(n) = n, FlnJ (4.28)
r{f = p {1-p, /n) {4.2b)
a 1= 1+ nn-130T ZJ./.2 (4.2¢c)
and for Poisson data : j_ = c,(n) = n.F(n) (4.38)
2= (4.3b)
u{‘: 1+ ni‘?.JiT.EJiftiz {4.3c)
with
F,(n)
'Ji -
F )

where fj‘:'ls} is the j-th partial derivative of Fn).

4.2 Estimation of the parameters.
A general algorithm is as follows.

Step 1: Take some initial estimates for the linear parameters and for
Z, and compute initisl estimates for the prior weights o,

Step 2 : Reestimate the linear parameters.



Step 3. Reestimate X, and recalculate the prior weights .. Check

wether some convergence criterion is satisfied; if not go back
to Step 2.

From Theorem 1 it follows that the new estimates of the linear
parameters #& (Step 2), given some estimates of the prior weights oy, @re

found by iterative minimization of the quadratic form
* 5 32
QOA) = 3, 05 W, (2~ Zipy K i iy F
= (Z-%* V. AW(Z-X 5) (4.4)
yhere

2=(z,,.2)

A is the supervector of linear parameters as defined in Section 2
X" = (X5} (Nxp matrix)

W = diag{w,)

A = diag(e,).

(& proper justification of this statement should be based on quasi-
likelihood estimation techniques.) New estimates of # in Step 2 are thus
found by solving iteratively the equations

OCTAWX). F=XTAW L (4.5)

If the solutionis £ . andif Oy = Q(Z . ), then it can be shown that

O, = (Z-X°. AV B(Z-X" 7, (46)
with
6= (AWM OCTAWX YW TDAW {4.7)

whence {(using Rao(1973) : formula 4a.1.7) :

E(0) = THE.D(Z-X* #)) + EZ-X" F) S E@Z-X" 4, (4.8)



where D{H) denotes the dispersion matrix of a vector H. But, since
E(Z-X" )2 0 and D@Z-X* #) = W' B, with B = diagix, ") = diag(b), it
follows that

E(Qy) 2 TH{-A WX (X T AWX VX TIAB). (4.9)

This formula can be used in Step 3 in order to find a new estimate of Z.
Note that williams (1962) suggests the Pearson chi-squared statistic
obtained in Step 2 as an estimate of E(QO) and that the unknowns only

appear in the matrix B. The latter formula can be written more explicitly
as

E(Qg) = 3, o {10, W, q.) b, (4.10)

This formula is useful in GLIM, since the prior weights o are found in the
system vector &PW, the variances q of the linear predictors in the
system vector ZVL and the iterative weights w, in the system vector

ZWT. The only problem is to find an appropriate computational formula
for the b, (i.e. by rewriting the rhs. of (4.2c) or (4.3c)), but in some

applications this too may be rather easy. For an example, see
Yanderhoeft (1986 : Section 9).

Unfortunately, equation {4.10) generally involves k? unknown parameters
S {i.e. the entries of the matrix X}, in which case there is no unigue
solution for (4.10). Thus only situations in which there is a single
unknown can be solved with the methods described before. Such a
particular situation may be, for instance, Z = 02.20 where 62 is unknown

but XB is known.



S. APPROXIMATE MODELS - METHOD 2
9.1. The approximate model.
An alternative method for estimation of the parameters of models (3.1)

and (3.3) is based on the emperics? irepsformstion. |e. we consider for
each observation y, a function gi( .} from R into R¥ such that

n, = clgn). 5.1)

The emperical trensformation (for observation y, ) is than defined as

e, = g.(y). (5.2)
Note that
g, ()
g .)= - (5.3)
gik( )

It can than be shown that

Ele) =, (5.40)
D(e,)= X +<2(F. FT) (5.4b)

where 12 is defined by (4.2) or (4.3) and

(n, £, ()"

F. = (5.5)

1

(n, £, ()"

where Fj(ni) is the j-th partial derivative of F(n.).



9.2 Estimation of the parameters - Single linear predictor.

If k =1, then (5.4) reduces to

E(e)zn, (3.58)
var(e) = e {5.5b)

where for binomial data :oz.i" =g + n FinJ(1- Fin )/ (n ¥ ‘(r;i))2 (5.6)
and for Poisson data : ™' = 0% + n.Fn)/(n.F ()P (5.7)

A suitable algorithm for estimation of the parameters is:

Step 1 : Take some initial estimates for the linear parameters and for
oZ, and compute initial estimates for the prior weights o, and

for the dependent variables e,

Step 2 : Reestimate the linear parameters.
Step 3: Reestimate o2, and recalculate o and e. Check wether some

convergence criterion is satisfied; if not go back to Step 2.

As in Section 4.2, the new estimates of the linear parameters p (=#
since k =1}, given some estimates of o and e, are found by iterative

minimization of the quadratic form
P) = 3, oo, - I, X B
= (E-%XP)T. ALE-XP) (5.8)
where

E=ley. g

B=(B.. ﬁP)T is the vector of linear parameters (Section 2)
K= (%) (Nxp matrix)

A - diagle).

As in Section 4.2 one can show that

10



E(Qy) 2 Tr{(I-A XX AX)X)A.B), (5.9)
or more explicitely:
E(0,) = 3, o (1-0r, g )b, (5.10)

Substitution of the r.hs. of (5.6) or (5.7) for the b, then yields a simple
formula from which o° can easily be reestimated (Step 3).

2.3, Estimation of the parameters - General case.

We consider first the linear transformation

e-0e (3.118a)

Q = [+ <2(F. FNI'/2 (5.11b)
Then

Ee ) zn*=X*F (5.12a)

Dle*) =1, (5.12b)

where X.*= Q. % Thus the independent variables in the model (5.12) also

depend on the parameters # and Z. (Note the difference between models
(5.5) and (5.12). Of course, the case k =1 can also be treated as a special
case of the general model (5.12).) However, an appropriate algorithm
based on ordinary linear models is easily constructed :

Step 1 : Take some initial estimates for the parameters # and X (or
for Qi), and compute initial estimates for the independent

variables % * and the dependent variables e*.

Step 2 : Reestimate the linear parameters.
Step 3: Reestimate 2, and recalculate Q, % * and e.*. Check wether

some convergence criterion is satisfied; if not go back to
Step 2.

Reestimation of # is done through minimization of the quadratic form

11



07 =3, (o7 -%* Z)T (0 F X 5)
= (E¥- % A" %" ), (5.13)

where

E* - (ei*T,..y. e, T (Nkx1 vector)
K = (3T, %, T (Nkxp matrix).

;émd for reestimatibn of Z, one can use the formula

- E(QO)ET!'(I— (T X KT). - (5.9)

12



6. NUMERICAL EXAMPLES - MODELS WITH SIMPLE LINK
6.1. Application to binomial data.

we apply the methods discussed in Sections 4 and 5 to the binomial seed-
data used by Crowder (1978) and by Williams (1982) and Yanderhoeft
{1986). See the latter paper for more details. In order to have
comparible results from the two methods, we add 1/2 to the number of
germinated seeds (DX->DX+0.5) and 1 to the batch sizes {(N¥->NX+1), which
carresponds to Williams® (1982) definition of the emperical logits.

we apply three models - with simple link (i.e. k=1) - specified as follows:

Flr) = 1/(1+exp(-n,)) for the Togit model,
= 1-exp(-expin.}) for the cloglog model,and
= I?i(i‘n)”exp(—xzt’ﬁdx for the probit model.

The Method 1 formula {4.2¢) for the prior weights has the simple form
o= 1 +02(1-1/n)w,

where the w, are the iterative weights (Section 2). This and the

corresponding formula for reestimation of o? are easy to handle in GLIM3
(Baker and Nelder, 1978). The GLIM3 program is shown in Appendix A.1;
details can be found in Yanderhoeft {1986). This program has been used
in order to produce Table 1.

The Method 2 formula (5.6) for the prior weights becomes

0.1 = 62 + (n.Fn,).(1- Fin ! for the logit model,
=@ + Fin )/ In{1- FinXog(1- Fn )1 for the cloglog model,and
= 0% + F(n)(1- FinNexpln2 + Tog(2n) - log( n.)]
for the probit model.

The GLIM3 program can be constructed as before (although it is slightly
more complicated now); it is shown in Appendix A.2. The results from
application of this program to the binomial seed-data are reproduced in
Table 2.

13



The %-va]ues and the ANOVA tables from Methods 1 and 2 (Tables 1 and
2) are comparible, which gives equivalent significance testing. On the
contrary, the analysis shows that estimates of 5% can be quite different
between the two Methods.

Table 1. Binomial data.
Method 1; DX->DX+0.5, NXONK+1.0

GLIM program options and results. Binomial data.

Contents LINK Initial o2 Fix/est. Mbr.of Heter. No heter.
of MOD option  (BP) o2 {BF) iter{3R) &2 %2 &
(1) (2) {3) {4) (5) 6y (M {3)
%1%%2 G .0 1 5 0824 17.00 2969
X1%%2 C 0 1 5 0430 17.00 2969
%1%%2 P 0 1 5 0314 17.00 2969
X1+%2 G .0824 0 5 - 2098 3639
X1+%2 C 0430 0 5 - 2053 3543
X1+%2 P 0314 0 5 - 2101 3639
X1 G .0824 0 5 - 4350 8850
X1 C  .0430 0 5 - 4281 8850
%1 P 0314 0 5 - 4408 8850
%2 G  .0824 0 5 - 2334 3923
X2 C 0430 0 5 - 2299 3924
%2 P 0314 0 5 - 2338 3923
- G .0824 0 5 - 4544 9072
- C 0430 0 5 - 4535 9072
- P 0314 0 5 - 4606 90.72
%14%2 G 0 1 5 1196 1800 3639
X14%2 C 0 i 5 0597 16.00 3543
X14%2 P 0 1 5 0457 1800 36.39

14



Table 1. Cont'd

ANOYA tables.

Panel A : Heterogeneity between replicates.

Link :
Source df. Logit  Cloglog  Probit
Interaction 1 3.96 353 4.01
X1 1 2.36 2.46 2.37
X2 1 2232 22.28 23.07
Main effects 2 24.46 2482 25.05

Panel B : No heterogeneity between replicates.

Link :
Source df. Logit Cloglog Probit
interaction |1 6.70 574 6.70
¥1 1 2.84 3.81 2.84
X2 1 5211 53.07 52.11
Main effects 2 54 33 5529 54.33



Table 2. Binomial data.
Method 2; DX=DE+0.5 NE->NX+ 1.0

GLIM program options and results,

Contents Link Initial 6% Fix/est. Nbr. of Heter. No heter.
of MOD  (%A) (3P) o (ZF) iter{%TR) 62 32 2

(1) (2} (3) (4) {5) 6) (@) (B)

X1%*X2 1 0 1 3 1092 17.00 2842
X1%X2 2 0 1 =] 0655 17.00 2792
X1*X2 3 0 1 3 0385 17.00 2931
X1+X2 1 1092 0 3 - 2021 3455
X1+X2 2 0655 0 9 - 19.40 3351
X1+X2 3 0385 0 2 - 2046 3568
X1 1 1092 0 5 - 4450 8§1.80
X1 2 0655 0 5 - 4187 8117
X1 3 0385 0 ) - 4511 87.01
X2 1 1092 0 3 - 2313 36.86
X2 2 0655 0 5 - 2306 36.18
X2 3 0385 0 5 - 2325 3827

. 3 - 4742 8344
- 2 0655 0 3 - 4434 §5.09
5 - 4782 89.04

o . <~ > - — ] 4 oo ot 1 - ] > - - 1o [ ———— ", W ] - — ——

1416 1800 3455

X1+¥2 1 0 1 3
X1+X2 2 0 1 5 0777 18.00 3351
X1+X2 3 0 1 S 0516 1800 3568

16



Table 2. Cont'd

ANOYA tables.

Panel A : Heterogeneity between replicates.

Link :
Source d.f. Logit  Cloglog  Probit
Interaction 1 321 2.40 3.46
%1 1 292 366 279
X2 1 2439 2247 2465
Main effects 2 27.21 2494 27.36

Panel B : No heterogeneity between replicates.

Link -
Saurce df. Ltogit  Cloglog  Probit
Interaction | 6.13 5.99 b6.37
A1 1 231 267 259
X2 1 47.25 47.66 51.33
Main effects 2 48.89 51.58 53.36

17



6.2. Application to Poisson data.

Next, we apply Method 1 and Method 2 to the Poisson data analysed
previeusly by Margolin &7 &7 (1981} end Breslow (1984). See the latter
paper for more details.

The model used is 1og-linear - with a simple link - :
f(n,) = exp(n.),

with n=1.

The Method 1 formula {4.3c} for the prior weights now becomes
o= 1+ ot

where the w, are the iterative weights (Section 2).It is thus again not

difficult to write an appropriate GLIM3 program. This is shown in
Appendix A3. Table 3 shows the results from application of this
analysis. They are comparible with Breslow's (1984) results. The figures
between parenthesis are the estimates for o° obtained by using the
GLIM3-macros given in Breslow {1984 : Appendix). Note that Breslow's
method is only computationally different from our Method 1.

The Method 2 formula (5.7) for the prior weights is

o= 0%+ exp(-n,).
The appropriate GLIM3-program is shown in Appendix A.4. and the results
are presented in Table 4. Again, inference making from Method 1 and
Method 2 would be equivalent, particularly if the model includes hidden

heterogeneity. But, as for the binomial data, the estimates of o2 can be
quite different.

18



Table 3. Poisson data.
Method 1.

GLIM program options and resuits.

Contents LINK Initial 6 Fix/est. Nbr. of

Heter. No heter.
of MOD option  (%P) o2 (ZF) iter(¥R) 6% 42 ¥
(1) {2) (3) (4) (5} 6y (@ (8)
K1+%2 L 0 1 5 0717 1500 4623
(.0718)
%1 L 0717 0 5 - 2084 6548
X2 L 0717 0 5 - 2657 6140
- L 0717 0 5 - 2677 8285
X1 L .0 1 5 A037 1600  65.48
(.1039)
ANOVA tables.

Panet A : Heterogeneity between replicates.

Link :
Source df. Log

X1 1 1157
X2 1 5.84
Main effects 2 1177

Panel B : No heterogeneity between replicates.

Link :
Source df. Log
L 1 35.17
X2 1 19.25

Main effects 2 36.62

19



Table 4. Poisson data.
Method 2.

GLIM program options and resulls

Contents LINK Initial 6 Fix/est.

MNbr. of Heter. No heter.
of MOD option  (%P) o2 (BF) iter(sR) 82 42 22
(1) {2) {3) {4) {5) 6) {8)
X1+X2 L 0 1 5 0586 1500 4458
{.0611)
X1 L 0596 0 5 - 2070 6195
X2 L 0596 0 5 - 2603 76.15
- L 05096 0 5 - 2753 7760
X1 L 0 1 5 0875 16.00 65.48
{.0873)
ANOVA tables.

Panel A : Heterogeneity between replicates.

Link :
Source df. Log
¥1 1 11.03
X2 i 570
Main effects 2 1253

Panel B : No heterogeneity between replicates.

Link :
Source d.f. Log
X1 1 3157
X2 1 17.37
Main effects 2 3302

20



7. SIMULATION - MODELS WITH COMPOSITE LINK

in this section we present some results from the analysis of simulated
binomial data through a composite link model {i.e. k=2) following Method
| {Section 4). The composite link is defined as -

Fln) = e((x.+n,, ) exp(-n, 1,

where ¢(.) is the cumulative standard normal distribution function. Note
that the partial derivatives are :

¥, (n) = pl{x.m,, ) expl-n, D.({x+n., ) exp(-n., )],
F,(n) = ¢((x,+n, )/ expl-n, )/ expl-n, ),

where ¢{.) is the standard normal probability density function. The data
used are given in the form (y, n, x. Al, A2} for i=1,. N, with

dichotomous independent variabies or covariates A1 and A2 {values 0 and
1), and y, "items"” out of n, - all characterized by covariates equal to Al,

and AZ, - which have "Tailed” by "time” x,. The linear predictors are

Tlij = xij1 'ﬁj‘l+ Kuzﬁjz + xijz'pjg*' xmﬁﬁ,

where ):‘m =1 for all i and j, Xus = A(s-1), if the model assumes that
covariate A(s-1) has an effect on the j-th linear predictor and K‘.js =0
otherwise {5=2,3), }{m =A1.A2, if the model assumes that A1 and A2 have
an interaction effect on the j-th linear predictor and .., =0 otherwise.

{(Note that %, which is in fact a third independent variabie, could be
included in the linear predictors. The corresponding p's would have known
values 0 and 1, respectively.)

For simulation of the data we set n=200, ;3”=-1.386, Bifﬂ: ﬁ13=-0.5,
B14=0. [321:—25, ﬁzzzﬁ, Bz=0 and B,,=0. The reference population Al=A2=0
has then a mean failure time of 25.0 with a variance of 16.0, given f‘(ni)
as above. The simulation procedure is as follows. Firstly, we generate N
independent random vectors l_Ii:(Uﬁ,Uiz)T, assuming a bivariate normal
distribution with mean vector 0 and some covariance matrix I=(ﬁﬂ). (we

21



will use the notation 5j2: L j=1,2. hereafter) Note that the bivariate

normal distribution may be replaced by any other bivariate distribution.
Secondly, we compute the vector of linear predictors n; and add the hidden

heterogeneity vector U, Thirdly, we generate for each “batch” i n
independent random failure times and count the number y, of failure times
smaller than or equal to x.. In the following paragraphs we present some
results using simulated data given that of:.m and :}12= 0,,= 0,,=0 (Data
1) or given that 6,2=.01 and 6,%= 5,,= 5,,=0 {Data ii}.

Appendix A.5. shows a GLIM3 program to fit the composite link model as
described here before. The general structure of this program is the same
as for the programs in Appendices A.1. to A4 Details are therefore not
given. Note only that we use the assumption £ = 2. 20 where 20 is a

“normalised” form of the covariance matrix used in generating the data.
The program in Appendix AS. fits the sierting mode/ (see Tables S and
6), including the estimation of o, (or 62), and all subwedels given the

estimates for 0,2 4nd for the prior weights. The estimate for 6,2 is 0723

and the estimated Pearson chi-squared statistics can be found in Table S5
(col. 2a). (Of course, for the starting model we find all estimated
Pearson chi-squared statistics on the same output.)

Thus, Table 5 and Table 6 present resuits from fitting various composite
link models - ignoring or including hidden heterogeneity - to Data | and
Data |1 respectively  The differences between estimeted Pearson
chi-squared statistics show once again that model selection generally
depends on the method used : effects of covariates can be significant
when hidden heterogeneity is ignored, while they are not significant when
hidden heterogeneity is taken into account.

The ideas presented in this section are merely indicative for further
research. A lot of problems have to be solved. ‘we intend to do this via
more detailed and refined simulations. Such simulations are certainly
useful in learning how composite link models - which are extended to
incorporate hidden heterogeneity - can be applied for analysis of real
data sets.

22



Table 5. Pearson chi-squared statistics: (1) HH ignored; {2) HH taken into
account {¢2=.0723 fixed): (2a) prior weights fixed,(2b) prior

weights reestimated.

Model terms DF. (1) (2a) (2h)
Slarting magel

X11,X12, X13, X21,X22 %23 78 017 78.0 78.0
Subimadels .

11,512, X21,422, %23 79 506.2 417.9 4313
X1, X21,%22, X23 8o 507.2 4228 4325
X1, X13, X21,X22, X23 79 §2.2 78.7 79.3
11,612, X13, X21,X22 79 816 779 779
X11,X12, X21,X22 80 509.8 421.0 4345
X1, X21,%22 81 5114 426.0 435.7
X1, 13, X¥21,X22 80 2.2 786 79.2
X11,%12, %13, %21 80 3479 2793 2784
11,512, X21 81 800.1 660.9 672.2
X1, X21 82 795.7 664.7 6725
i, X13, X21 g1 348.2 279.0 2787
11,512, X13, X21, X23 79 348.1 2795 278.5
X11,%12, X21, X23 g0 708.2 659.2 6712
X1, X21, X23 g1 7939 6629 671.0
X1, X13, X21, X23 80 348.4 279.2 278.8
Effect* of Al on slope k 1 0.56 0.73 1.27
Effect* of A2 on slope k 1 414.54 33980 353.30
Effect* of A1 on shiftb 1 256.44 20150 200.50
Effect®* of A2 on shift b 1 -0.08 -0.09 -0.06

* Controlled for all other main effects
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Table 6.  Pearson chi-squared statistics: (1) HH ignored; (2) HH taken into
account { 0°=.0656 fixed): {2a) prior weights fixed,(2b) prior

weights reestimated.

Model terms DF. (1) (2a) (2b}
Siariing model

11,612, %13, X21,%22, %232 78 308.4 78.0 78.0
Sutynadels

X11,X12, X21,%22, %23 79 669.2 146.5 153.0
i1, H2 1,522, %23 g0 669.5 147.3 153.0
X1, 13, %21,X22, %23 79 3079 78.8 78.6
11,812, X13, X21,X22 79 3513 79.0 79.1
X11,X12, X21,X22 80 687.1 146.1 153.7
X1, X21,%22 81 688.3 147.0 1536
X1, X13, X21,X22 80 2515 70.8 796
X11,512, %13, X214 80 6339 162.4 169.7
X11,X12, X21 81 1045.0 2313 243.0
X1, 21 82 1040.0 2213 2433
X1, 13, X21 81 636.7 160.7 169.5
X11,%12, %13, %21, X23 79 5659 161.0 167.6
¥11.X12, X21, 23 | 80 1023.0 2315 2416
11, 21, X23 81 1018.0 23216 2419
X1, X13, ¥21, X23 80 5904 160.4 167.4
Effect* of Al on slope k 1 -0.50 0.84 0.56
Effect* of A2 on slope k 1 360.80 68.50 75.00
Effect®* of Al on shiftb 1 25750 83.00 89.60
Effect* of A2 on shiftb 1 4290 1.02 1.08

* Controlled for all other main effects
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APPENDICES : GLIM3 programs

A.1. Binomial data, Method 1 - simple links.

$C MACROS
M MOD X1#X2 $ENDM

M Z8TP !

$E§T AVL $CA WA=V PW# (1 —UPWRLNTHAVL) !
D AP=(UAXR2-ACUVA ) ) ZACU (WR#*4 ) !

$PR @ " NEW SIGMAZ = " %P : $$ENDM

M HET !
$CA YR= VQ  A=(1-1/ABD Y #ZWT !
$5W AF ESTP !
HCA W-I/(1+/P%A) W W
$F #MOD PR [ " NEW CHIE = " ZX2 : $$ENDM

$C ‘MAIN’ PROGRAM

SUNITES 21

$DAT§9§X X X1 X2 $READ

PORITO IO Rt et et et 2 TR TO FOTO KI ms 32 1ot ot g ¥

11!
L8
fas]
PRSI F O RO R L T T e 1t 1k ko ok o ot ot b et

$FA”TUR X1 2 X2 2 I , .
$CALC DX=DX+D. 5 : NX=NX+1 0O
HYVAR DX SERR B NX SLINK G

#C THOOSE (INITIAL) VALUZ FQR BIGMAZ : ZP
THONSE PROGRAM LONSTANTS ?F=ﬂ If SIGMAZ IS FIXED
IF SIcMA2 18 REESTIMATED
IR=ﬂAX NBR. QF ITERATIONS
IF NO HETERGGENEITY IS TAXEN INTO
AfCﬂUNT (I.E. %“P=%UF=0)
%CALC AP=, OOD0 : %F=1 . ZR=3
$PR :: " C(INITIAL) SI”NAQ = " AP
$CALC W=l SWEIGHT W
$FIT #M0D $DISP M A
c: " CHIZ (NO HETER. ) = " X2 :
$NHILE %R HET $DISP M A
HSTOP
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&2 Binomial data, Method 2 - simple links.

¢ MACROS
&M MOD XI*XE $ENDM

M SB8TF !
- $EXT %VL _$CA NVGW/PN*(I ~%PWELVL) !
T AP=(AX2-%CUWVGE#A) ) /7CU (WVQR) !
FPR 1 : " NEW SIGMAZ = " %P : $HENDM

$M HET ! :
- %CA YR= Zﬁ SSN %A ALOG ACLL APRO !
$8W %F ES !
$CA W—i/(/P+A) W !
®F #MOD $PR A NEN CHIQ = " AX2 . S$ENDM

M ALOZ ! g
$CA FP=1/(1+%4EXP (-%LP)) !
$CA Awi/(NX*FP*(i-FP)) HSENDM

#M ACLL !

$CA FPR=1-ZEXP(-%ZEXP(%ZLP)) !

- BCA A—FP/(NX*(le?)*/LDﬂ(1~FP)%*2) $$ENDM

M APRD

- $CA FP= ZNP(ALP H L . :
$CA A’FP*(1~FP)%KEXP(ZFV*%FV*ZLD@(E*ZPI)—2LDG(NX)) $HENDM -

M WLOS
| % LOGIT MODEL * @ !
sca W=NX#0P % (1-0P) $SENDM

BM WCLA ,
CT$PR 1@ " C-£0GL0G MODEL v ;. !
© $CA w~7LﬂG(1*09)**2%&X%(1~QP)IGP SEENDM
M WPRO
. $PR "-“ PROBIT MODEL
- $CA W~XEXP(—ET%ET YLSG(Q*Z?I)+7LQG(NX))/(QF*(I*OP)) FHENDM

$M ELOS $CA ET=XLOR(0P/ (1-0P) ) $HENDM
M ECLL #CA ET=ALOG(-ALO3(1-0P) ) $HENDM
HM EPRO %A ET=AUND(OP) $3ENDM

 $0 ‘MAIN‘ PR{OGRAM

SUNITS 21
$DATA?OX NX X1 X2 $READ

e

o

)

o]
MNNNMNNNNNHHEﬂMHHMRm’
NNNNM&H”HHNR}MNNR}HHHHH

7
$FACTOR X1 2 X2 2 -
$CALC DX=DX+). 8 : NX=NX+1,0
: QP:DX/NXV

27



+C CHOOSE (INITIAL) VALUE FIR 5IGMAZ . 4P
CHOOSE PROGRAM CONSTANTS : XF=D IF SIGMAZ2 IS FIXED
1 IF SIGMAZ2 IS REESTIMATED
“ZR=MAX NBR. OF ITERATIONS
D IF NO HETEROGENEITY IS TAKEN INTO
ACCOUNT (I. E.  %P=UF=0)
AA=1 F{R £L0GIT MODEL
2 FOR £-LOGLOEG MODEL
3 FOOR PROBIT MODEL
HCALC XP=, Q0DO : UF=1 : ZR=D : %i#&=1

#C INITIALIZE

HHWITCH %A ELOG ECLL £PRO
$YVAR £T #SCALE 1

$PR :: " (INITIAL) SISMAR = “ %P :
FSWITCH %A WLOG WCLL WPRO SWEISHT W
$C FIT

$FIT #40D $DISP A

$PR :: " CHIZ (NO HETER. ) = “ %X2 :
SWHILE 7ZR HET $DISP A

$STOP
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A3 Poisson data, Method 1 - simple link.

+C MACROS
M MOD X1+X2 SENDM
M _ESTH !

$EXT %ZVL $CA WWOE=ZPW#(1 YPW%VWT*!VL) !
1 AP=(AX2-RCU WVE) ) /ACU (WVE#A

PR :: " NEW SIGMA2 = © %P - '$$ENDM

M HET ! '

SCA -/.a-m 1 ©A=YWT !

$SW YF ESTP !

SCA w~1/(1+7PM $W W !

$F #MOD $PR NEW CHIZ = " %X2 : $SENDM
$C ‘MAIN’ PROGRAM

$UNITS 18

+HDATA DX _X $READ
15 O 21 O 29 90
i 10 18 19 21 10
16 33 24 33 33 33
27 100 41 100 40 100

33 333 38 333 41 333
20 1000 27 1000 42 1000
BCALC X1=ALOG(X+10) : XZ=-X

$YVAR OX $ERR P $LINK L

C CHOOSE (INITIAL) VALUE FOR SIGMAZ : %P
CTHOOSE PROGRAM TONSTANTS : XF=D IF SIGMAZ IS FIXED
1 IF SIGMAZ IS8 REESTIMATED
“R=MAX NBR. OF ITERATIONS
D IF NO HETERQOGENEITY IS TAKEN INTO
ACCOAUINT (1. E. %UP=VUF=0)

PCALC “P=. 0020 . YF=1 : ¥%R=5

$PR :: " (INITIAL) SISMAR2 = “ %P :

$CALC W=1 SWEIGHT

QFIT #1M0D $DISP M A R ,

M OHIZ (NO HETER. ) = " ZX2 ¢
$NHILE ZR HET $DISP M A R
S5 TOP
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A 4 Poisson data, Method 2 - simple link.

$C MACROS
#M MOD X1+X2 $ENDM
M ESTR !

$EXT %VL $CA WVQ=VPW#(1-ZPW#%vL) !
D AP=(UX2-LCUWVGEHA) ) /4CU (WVGE) !

$PR :: " NEW SIGMA2 = " %P : S$ENDM
$M HET !
$CA IR=YUR-1 : A=1/7EXP (XFV) !

$SW UF ESTP !
$CA W=1/({%P+A) $W !
$F #MOD PR . ¢ NEN CHIZ = " AX2 ; $SENDM

M DUTP !
$CA R=/EXP(ZFV) $L0 X R $$ENDM

FC 'MAIN‘Y PROGRAM

F$UNITS 18
$DATA DX X $READ

15 O 21 0 29 D

16 10 18 1D 21 10

14 33 26 33 33 33

27 10D 41 1D0 40 100

33 333 38 333 41 333

20 1000 27 100D 42 1000
$CAMC X1=ALOG(X+10) : X2=—
HCALC ET=ZL0OG(DX)
HYVAR E£T $SCALE |

$C CHOOSE (INITIAL) VALUE FOR SIGMAZ : %P
SHOOSE PROGRAM CONSTANTS : %F=0 IFf SIGMA2 IS FIXED
1 IF SIGMAZ IS REESTIMATED
“YR=MAX NBR. OF ITERATIONS
D IF N HETEROGENEITY IS TAKEN INTO
ACCOEINT (1. E. %P=%F=0)
BCALC 7P=. 0000 . uE=1 YR=5
S Te CINITIAL) SISMAR = ¢ %P -
FORLC W=DX SWEIGHT W V
$EIT #MOD SDISP M A SUSE OUTP

$PR "OOHIZ (NO HETER = " oZX2
SWHILE %R HET $DISP M $US€ JTP

$8TOP
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4.5. Binomial data, Method 1 —-composite link.

$C MACROS
M FEB $F . 3D 4 !

PR " LHIZ = v BXE  HEENDM
M SUBL !

Uy FGB !

$CA ALZ2=0 $UJ F3ZB !
#CA Al1=D 34U F3B !
$CA Al2=42-1 #J F3B !
$CA All=Al-1 $HENDM
M BUBO !
U sSuBl !
$CAH A22=D # SUBIL !
HCA AZ1=) $J SUBL !
$CA AR2=42-1 #J SUB1 $$2NDM

M MEXT $EXT UPE $%ENDM

M £V | CALCULATE FITTED VALUES
$CA ZEV=NHYANP ((XHIP2)#ZEXPLPL) ) $$ENDHM

M DENS ! CALCULATE DENSITY FUNCTION FOR XENP -
$CA F=(X+LP2)#LEXP (LR} !
FUEXP(—(ALOG(2#UPII+F#F ) /2) $EENDM

M PD ! CALCULATE PARTIA. DERIVATIVER
$U DENS FCA C2=NuFr/EXP(LPL) !
: =L2# (X+LP2) $HENDM
M M1
$CA LA=UNE(APL, O) $6W %A MEXT !
UCALCULATE L INEAR PREDICTORS
$CA LPl*ZPE(1)+Z E(2)#ALL+APE(3) #ALIZ+4PE(S))#ALT !
: 2=LPE(S)+/PE (LI HAZL+UAPE (7)) #ARZ+APE(Q) #A273 !
! A%gﬁ;GTEDFITTED VA UERS aND PARTIAL DERIVATIVES
U
U CALCULATE WORAING ITADERPENDENT VARIABLES
$CA X11=01 : X12=C014A11 @ X13Z=CIl#AlZ . X14=Ci%a13 !
¢ X21=C2 . X22=C2%A21 : X23=CA#AJZ . XI24=02%420 !
! CALCULATE L IMEAR PREDICTOR
o ALP=UPE (1) ¥X11+APE(2) #X124+%UPE(3)#X13+UPE (41X 14 !
+Z§%§5)*X21+%PE(&)*XE2+ZPE(7)*X23+X?E(8)%X24 !
HHE

M M2 BCA ZDR=1 $$ZNDM

M M3 !
BCA AINVNA=AFVE (1-ZFV/NY 0 AVA=LTIF (ULE(ZAVA, 0), . D01, ZVA) RSENDM
M M4 $CA ADI=2# (LYVHLLOG (AYV/UFVI + (N=UYV) #ZL06 C (IN=ZYV) 7 (N-%FV ) )

M HET !
A IR=YR~1 !

L B=(1- I/N)*(%X*C1§Cl+ZY%C9%C?+”%%Z*C1*C2)/%UA !
$SW %F ESTP |

SEA W17 C1a%PER) BW W

$F . #PR :: " NEW CHI2 = ° %X2 : $$ENDM

M ESTP !

SEXT %AVL $CA WVE=YZPW# ( 1-UPW#7ZVL/%ZVA) !
1 AP=(ZXR2-ZCU VA ) /ACU (WVGRE) !
$PR 1 " NEW SIGMAZ = " ZP : $$ENDM
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$C PROGRAM CAONSTANTS AND PARSMETERS

HDATA 1 NJ $DINPUT 3
$DATA 8 PAR $DINPUT 3
$DATA 3 § $DINPUT 3

$CALC ZU=NU . %F=1 : ZR=3
: /P*LIF(ZG&(S(i)e8(2))v8(1}:ﬁ(2}} Bl /F

AX=R{1) o AN=8(2) . AT=S5(3;

PR ;. " INITIAL SIGMAR = " uP

*DE& NS S

+$C READ DATA

HUNITS “U

$DATA D N X Al A2

SFDRMAT

(5%, 3F3. Q. 2F5. Q)

$DINPUT 3

$¢ DEFINITION OF MODEL

FCALC All=(Al-1) : Al2=0A2~1) @ A13=D
A2l=(A1-1) © ARZ=(AZ2~1) . AR3=0

HCALC B=0 : W=1

FYVAR D SUEIGHT W

HOWN M1 M2 M3 M4 $5CALE 1

HC FITTING THE MODEL
$YAR B APE $LALL YPE=FPAR $DEL RAR
HCAM.C ALP=X11=X12=X13=X14=X21=X22=X83=X24=
%FIT X11+X12+X13+X14+X21+X22+X23+X24-%6M $DIGSP L A
+ c1 " OHIR (NDO HETER. ) = " 4X2 ¢
ﬁWHILE %R HET $DISF L A
$¢ RESTRILTED MODELS
U 8UBD

HETOP
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