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HIDDEN HETEROGENEITV IN COMPOSITE LINK HODElS : 
FURTHER DEVElOPMENTS 

CtJmi /Ie VtJflderhoefl * 

1. INTRODUCTION 

Recently, Vanderhoeft (1986) considered the problem of taking 
unobserved heterogeneHy into account when the basic too1 for ana1ysis is 
a composHe llnk model. In the present notes we try to give a more 
complete overview of such mode1s and methods. Attention is focused 
main1y on models for binomial and Poisson data. 

In Section 2 we discuss an extension of Thompson and Baker's (1981) 
composHe Hnk model. In Section 3' we introduce in this model 
multidimensional hidden heterogeneHy (tor binomlal and Poisson data). 
In Section 4 and Section 5 we discuss approximate models which allow 
for estimat10n of the parameters of the composite Hnk model with hidden 
heterogeneHy. Section 6 appl1es the methods in a reanalysis of binomial 
data used by Willlams (1982) and Poisson data used by Breslow (1984). 
Finally, Section 7 introduces a simulation study. 

The discussion is far from complete. Mathematical details are not 
included. The reader is strongly advjsed to have a look at the preceding 
paper by Vanderhoeft ( 1986). 

,. Camille Vanderhoeft, Interuniversity programme in Demography, Vrije Universiteit, 
Pleinlaan 2, B-1 050 Brussels, Beloium. 



2. A COMPOSITE LINK MODEL 

Conslder observat1ons Yt (1= lr .. N), wHh expected values~. The ~ dep end 

on 1inear parameters Ji1 ,. .. p~ as follows : 

(2.1 ) 

where the cl) are known functlons from Ft 1nto R, and 'Ij is a vector 

(1111"" fl.w:)T of k linear predictors which are defined as follows. Consider 
the block-d1agonal matrix 

(2.2) 

the supervector 

p= (2.3) 

and thelr product 

= = 1lï. (2.4) 

Note that Xij is a vector of covariates for the i-th observation and 

corresponding to the j-th linear predictor; Pj is the vector of linear 
parameters corresponding to the j-th l1near pred1ctor. It 1s not d1ff1cult 
to see that the model of Section 1 can he treated as a cornposlte l1nl< 
model as deflned here above; note that the linear predictors may indeed 
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depend on dl ff erent sets of covor; otes. 

If Pj ond Xij have Pj cornponents (50 thot P=~jPj). denoted respectlvely os 

Pjs and Xijs (s= 1 ,. .. p}. and if C'i/llj) is ths j-th partlal denvative of c/rlj) 

th en we can prove the following theorem. 

Theorem 1 

If the ~ are independent wHh dfstnbution belonglng to Nelder and 

Wedderburn's (1972) exponential family 

(2.5) 

th en the maximum Hl<ellhood estfmates of the Hnear parameters of the 
above composite linl< model can be found by iterative reweighted least 
sQuares (I RLS) wah 

CorollaQU 

If P1 = ... =Dtc=po, XitXj=(Xjl""xjp0}for all observatlons 1 and Pj=P=(~P"'~po}T 
for 011 j= 1, ... k, then 'Iï=q for 011 i ond we con opply Theorem 1 wHh 

We can wrtte C'ij(IJ)=OJl/Orty hence Corollary 1 is EI result discussed by 
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Thompson and Baker ( 196 1 :Sectlon 5). 

Corollary 2 

If k= 1 in Theorem l} then the HL estimates of the linear parameters can 
be found by appllcatlon of the IRLS procedure with 

unchanged worklng independent variables Xis (s= 1 .... P1)' and 

This is Nelder and Wedderburn's (972) original result for a single linear 
predlctor. 

Remarks 

n HII.) ::: u· ::: g'(9.} 
.:1J·1 1 

i i) var(Yi) ::: 1:? !oc,(') ::: g"(ai)!oc,(') = (dJ,1/ dai )!.:;(,) 

110 It is assumed that (X,i(')= ~!,. The ~ are usual1y called prior weights. 

For one-parameter exponentlal families.,::: 1. 
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3. MUL TIDIMENSIONAl HIDDEN HETER06ENEITV (HH) 

In thls text we will dlscuss the following models for, respectlvely, 
blnomiol ond Poisson dato: 

Y·t'V· , U. ~ 1) (n., jl. ) 
11
-, 1 1 1 

jl. = c.(n.+U.) = n .. f(n.+U.) 
1 1 -IJ 1 1· -IJ 1 

U. ~ (0, I) 
1 

ond 

Y·I'V·, U. ~ P (jl.) 
11-, 1 1 

Jli = c/,\ +Ui ) = ni.f'(,\ + li) 

Ui z (0, I) 

(3.10) 

(3.1 b) 

(3.1 c) 

(3.20) 

(3.2b) 

(3.2c) 

where (3.1 c) means that the random vector Ui' Wh1Ch represents the 

hidden or unobserv'ed informotlon for the i-th observotlon, has some 
(mult1d1mensional) distribution wlth mean vector 0 and dispersion matrix 
I. Note that J4 1S the conditlonal expectotlon of Yï, glven ~ ond Ui" More 

details can be found in Vanderhoeft (1986). 

In the next sections we wHl discuss how the parameters of the models 
(3.1) and (3.2) can be estlmated. 

5 



4. APPROXIMATE MODElS - METHOD 1 

4.1. The approXlmate models. 

From (3.1) and (3.2) one can derive the following approxlmate model (cf 
Vanderhoeft, 1986) : 

E(Y;} :: Ulo (4.1 a) 

var(Yi) :: 'I/loci (4.1 ti) 

where f or bi nom1 al data: Ulo = C1("Ilj) = ni.f("Ilj) (4.2a) 

't.2 = U .. (1-U· In.) (4.2b) 
1 10 10 1 

0/..-1:: 1 + n.(n.-1 )J.T.I.J./'t.2 (4.2c) 
1 1 1 1 1 1 

and for Poisson data: Ulo -:; cj(I\) = ni .1'(I\) (4.3a) 

-r.2 :: U. (4.3b) 
-, 10 

~-1 = 1 + ntJrI.Jl'l (4.3c) 

with 

where f,/,,) 1S the j-th partial denvative of f(,,>, 

4.2. Estimatlon of the parameters. 

A general algonthm is as follows. 

Step 1 : Take some 1nitia1 est1mates for the l1near parameters and for 
IJ and compute initial estimates tor the pnor weights a,. 

Step 2: Reestimate the llnear parameters. 

6 



Step 3: Reestimate I, and recalculate the prior welghts cx,j' ChecK 

wether some convergence criterlon is saUsfied; 1f not go back 
to Step 2. 

From Theorem 1 it follows that the new estimates of the linear 
parameters jJ (Step :2), given some estimates of the prior weights~, are 

found by iterative m1n1m1zat10n of the Quadratic form 

* ,,2 0(,6) = Ii ~.Wi·(Zi - ;js) X j (js)'PjS) 

= (Z-X*.jJ)T. A.WJZ-X*.jJ) (4.4) 

where 

l = (z1 .... zN)T 

,6 is the supervector of linear parameters as def'ined 1n Section 2 

X* = O(*i(js) (Nxp matrix) 

W = diag(wj ) 

A = diag(~). 

(A proper justification of thîs statement should be based on Quasl-
111<elihood estimatton techniQuesJ New estlmates of jJ1n Step 2 are thus 
found by solving iteratlvely the eQuatlons 

(4.5) 

If the solution is jJmin and ff 00 = O(jJmin), then 1t can be shown that 

(4.6) 

wlth 

( *( *T *)- *T)A W 6 = I-A.W.X X .A.W.X X . (4.7) 

whence (us1 ng Rao( 1973) : f ormul a 4a. 1.7) : 

E(Oo) = Trt6.D(Z-X*.,D + E(Z-X*.,)T.6.E(Z-X*.,t (4.8) 
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where OCH) denotes the dlspersion motrix of 0 vector H. But, since 
HZ-X*./I) :: 0 ond O(Z-X*./I) :: W-1.D, with 0 = diOg(ctl-1) = diog(~), it 
f 0 11 ows that 

(4.9) 

Thls formula can be used 1n Step 3 in order to flnd a new estlmate of Z. 
Note that W1111 ams (t 962) suggests the Pearson chl-SQuared stat i sU c 
obtained in Step 2 as an estimate of HOc) and that the unknowns only 

appear in the matrix D. The latter formula can be written more expllcitly 
as 

(4. t 0) 

This formula is useful in GLIM, since the prior weights c; are found in the 

system vector :;gPW, the vorionces (Ij of the hnear predictors in the 

system vector %VL and the Herative weights wi in the system vector 

:;gWT. The only problem is to flnd an oppropriate computotionol formulo 
for the bi (i.e. by rewrHing the r.h.s. of (4.2c) or (4.3c)), but in some 

applications this too may be rather easy. For an example, see 
Vanderhoeft (t 986 : Sect jon 9). 

Unf ortunate 1 y, eQuat i on (4. t 0) generally i nvo 1 yes k2 unknown parameters 
0". (i.e. the entries of the matrix X). in which case there is no uniQue 

JO 
solutlon for (4.10). Thus only sHuations in which there is 0 single 
unknown con be solved with the methods described before. Such 0 

particular situation may be,for lnstance, Z = ~.Io where ~ is unknown 

but 10 ts known. 
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5. APPROXIMATE MODELS - METHOD 2 

5.1. The approximate model. 

An alternath'e method for estlmatlon of the parameters of models (3.1) 
and (3.3) 1S based on the empericol tronsformotion. I.e. we consider for 
each observatlon ~ a functlon ~( . ) from R lnto R" such that 

(5.1 ) 

The empencol transformotion (for observotlon ~ ) 1S thon deHned as 

Note thot 

~1 ( . ) 

~(. ) 

It can than be shown that 

Hei) :: 'Iï 
D(e.) == I .. 't".2.(F .. F.T) 

1 1 1 1 

where ,? is defined by (4.2) or (4.3) and 

F.: 
1 

where f/'Iï) is the j-th partial derivat1ve of f(1\). 
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5.2. Estim6tion of the p6r6meters - Single llne6r predictor. 

If k = 1, then (5.4) reduces to 

A su1t6ble algorithm for estlmation of the parameters is : 

(5.56) 

(5.5b) 

(5.7) 

Step 1 : Take some initia1 estimates for the linear parameters and for 
a2 , and compute initia1 eshmates for the prior welghts «t and 

for the dependent variables ej' 
Step 2: Reestlmate the linear parameters. 
Step 3: Reestlmate (52, and reca1culate D1 and~. Check wether some 

convergence criterion is satlsfled; 1f not go back to Step 2. 

As 1n Sectlon 4.2, the new estlmates of the linear parameters IJ (=jl 
since k = 1 t given some estlmates of «t and ~} are fbund by iterative 
minimizatlon of the quadratic fonn 

where 

E = (e1 r" e,.)T 

IJ = (P, •... pp)T is the vector of linear parameters (Sectlon 2) 

X = O(is) (Nxp matrix) 

A = diag{~). 

As in Section 4.2 one can show that 
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(5.9) 

or more explicitely : 

(5.10) 

Substitutlon of the r.h.s. of (5.6) or (5.7) for the bi then yields a simp1e 

formula from which 0'2 can easny be reestimated (Step 3). 

5.3. Estimotion of the porometers - Generol cose. 

We consider flrst the linear transformation 

Then 

E(et):: lJt: ",*./1 
D(e

i 
*) :: I, 

(5.11a) 

(S.11b) 

(5.12a) 

(S.12b) 

where" *: ~.". Thus the independent variables 1n the model (5.12) also 

depend on the parameters /I and Z. (Note the d1fference Detween motlels 
(5.5) and (5.121 Of course~ the case k : 1 can a1so be treated as a special 
case of the general model (5.12).) However~ an appropnate algonthm 
based on ordtnary Hnear models 1s easl1y constructed : 

Step 1 : Take some initia1 estimates for the parameters /I and I (or 
for ~). and compute initial estimates for the independent 

vanab1es", * and the dependent vanables et. 
Step 2: Reestimate the lineaf parameters. 
Step 3: Reestlmate I. and recalculate ~. X. * and et. Check wether 

some convergence criterion is satisfied; if not go back to 
Step 2. 

Reestimation of /l1S done through mlnimization of the Quadratic form 
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0(,,) = ~i ( et -x. T.,,)T.( et -x. T.,,) 

= (E*- X*.jJ)T.(E*-X*.jJ), 

where 

E* (*T *T )T (Nk 1 t) = et r" eN x yec or 

X* = (~ *T .... '.Xf.. *T)T (Nkxp matrix). 

And for reestimat10n of IJ one can use the formu16 

12 
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6. NUMERtCAL EXAMPLES - MODELS WfTH SIMPLE LINK 

6.1. Applicatlon to blnomial data. 

We apply the methods discussed 1n Sectlons 4 and 5 to the binomial seed­
data used by Crowder (1978) and by Wl111ams (1982) and Vanderhoeft 
(1966). See the latter paper for more details. In order to have 
comparible results from the two methods, we add 112 to the number of 
germinated seeds (DX~DX+O.5) and 1 to the batch sizes (NX~NX+ 1 t which 
corresponds to Wfll1ams' (1982) defln1tlon of the empencal10gits. 

We apply three models - with stmple link (te. k= 1) - specif1ed as follows: 

t{r~) = 1 I( 1 +exp( -11ï)) 

= l-exp( -exp(Tij» 

= J~ (2n.r' exp( -x2 12)dx 

for the 10g11 model. 

for the clog10g model,and 

for the probit model. 

The Method 1 formula (4.2c) for the prior welghts has the stmple form 

where the wi are the iteratlye weights (Section 2). This and the 

corresponding formula for reestimation of cil are easy to handle in GLlM3 
(Baker and Nelder, 1978). The GLlM3 program is shown in Appendix A.1.; 
details can be found in Vanderhoeft (1986). This program has been used 
1n order to produce Table 1. 

The Method 2 formula (5.6) for the prior weights becomes 

0;-1 = cil + (ni'f'{llj).( 1- f'{llj>r1 for the logit model, 

= ~ + t(11ï)/[~( 1- t(11ï»Oog(1- t(11ï»)21 for thecloglog modeJ.,and 

= a2 + f(Tij)( 1- f(Tij) )exp[Tij 2 + 10g{2tt) - log( nin 

for the probit model. 

The GLlM3 program can be constructed as before (a1though it 1s slightly 
more compl1cated now); H is shown in Appendix A.2. The results from 
application of this program to the binomial seed-data are reproduced in 
Table 2. 

13 



The ~-values and the ANOVA tables from Methods 1 and 2 (Tables 1 and 

2) are comparible. which g1ves equivalent significance test1ng. On the 
contrary, the analysis shows that est1mates of ~ can be QuHe different 
bet ween the t wo Hethads. 

Table 1. Blnomial data. 
Hethod 1; DX~DX+0.5, NX~NX+ 1.0 

GLIM p-rogram op-tions and results. Binomlal data. 

Contents LI NK InH ial t:? Fix/est. Nbr. of Heter. No heter. 

of MOD option (~P) ~ (~F) iter.(~R) &2 r f 
(1) (2) (3) (4) (5) (6) (7) (8) 

X1*X2 G .0 1 5 .0824 17.00 29.69 
X1*X2 C .0 1 5 .0430 17.00 29.69 
Xl*X2 P .0 1 5 .0314 17.00 29.69 

X1+)(2 G .0824 0 5 20.98 36.39 
)(1+)(2 C .0430 0 5 20.53 35.43 
X1+X2 P .0314 0 5 21.01 36.39 

Xl G .0824 0 5 43.50 88.50 
Xl C .0430 0 5 42.81 88.50 
Xl P .0314 0 5 44.08 88.50 

X2 G .0824 0 5 23.34 39.23 
X2 C .0430 0 5 22.99 39.24 
X2 P .0314 0 5 23.38 39.23 

G .0824 0 5 45.44 90.72 
C .0430 0 5 45.35 90.72 
P .0314 0 5 46.06 90.72 

----------------------------------------------------------------
X1+)(2 G .0 5 .1196 18.00 36.39 
X1+X2 C .0 1 5 .0597 18.00 35.43 
X1+X2 P .0 1 5 .0457 18.00 36.39 
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Tob1e 1. Cont'd 

ANOVA tob1es. 

Ponel A : Heterogenelty between replicotes. 

UnI< : 
Sou ree dJ. Logit C10g10g Probit 

Interoction 3.96 3.53 4.01 
Xl 2.36 2.46 2.37 
X2 22.52 22.26 23.07 
Moin effe cts 2 24.46 24.62 25.05 

Ponel B : No heterogenelty bet ween replicotes. 

Link: 
Sou ree dJ. LogH C10g10g ProbH 

Interoction 6.70 5.74 6.70 
Xl 2.64 3.61 2.64 
X2 52.11 53.07 52.11 
MOln effects 2 54.33 55.29 54.33 
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Toble 2. Binomiol doto. 
Method 2; DX~DX+0.5, NX~NX+ 1.0 

GLIM orogram optlons and results. 

Contents li nk Initial cr2 Fix/est. Nbr. of Heter. No heter. 
of MOD (%A) (%P) cr2 (%F) lter.(%R) 1\2 cr 1\2 

1 f 
(0 (2) (3) (4) (5) (6) (7) (8) 

Xl*X2 1 .0 5 .1092 17.00 28.42 
Xl*X2 2 .0 5 .0655 17.00 27.92 
Xl*X2 3 .0 5 .0385 17.00 29.31 

Xl+X2 1 .1092 0 5 20.21 34.55 
X1+X2 2 .0655 0 5 19.40 33.51 
Xl+X2 3 .0385 0 5 20.46 35.68 

Xl 1 .1092 0 5 44.50 81.80 
Xl 2 .0655 0 5 41.87 81.17 
Xl 3 .0385 0 5 45.11 87.01 

X2 .1092 0 5 23.13 36.86 
X2 2 .0655 0 5 23.06 36.18 
X2 3 .0385 0 5 23.25 38.27 

1 .1092 0 5 47.42 83.44 
2 .0655 0 5 44.34 85.09 
3 .0385 0 5 47.82 89.04 

----------------------------------------------------------------
X1+X2 1 .0 5 .1416 18.00 34.55 
X1+X2 2 .0 5 .0777 18.00 33.51 
X1+X2 3 .0 5 .0516 18.00 35.68 
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Tflble 2. Cont'd 

ANOV A tobles. 

Panel A : Heterogeneity between rep1icates. 

Unk: : 
Source dJ. Loglt Cloglog Probit 

Interactl0n 3.21 2.40 3.46 
Xl 2.92 3.66 2.79 
X2 24.39 22.47 24.65 
Maln eftects 2 27.21 24.94 27.36 

Panel B : No heterogeneity bet ween replicates. 

Unk: . 
Souree dJ. Logit Cloglog Probit 

I nteroct 1 on 6.13 5.59 6.37 
Xl 2.31 2.67 2.59 
X2 t 47.25 47.66 51.33 
Mal n eft ects 2 48.89 51.58 53.36 
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6.2. Appllc6tion to Poisson d6t6. 

Next, we apply Method 1 and Method 2 to the Poisson d6ta analysed 
previously by Margolin et ol (1981) 6nd Breslow (1984). See the latter 
p6per tor more det6ils. 

The model used is log-linear - wlth 6 simple Hnk - : 

The Method t formula (4.3c) tor the prior welghts now becomes 

where the wi are the lterative weights (Section 2).lt is thus agaln not 

dlfflcult to wlite an appropliate 611M3 program. Thls is shown in 
Appendix A.3. Table 3 shows the results from appJicatlon of thls 
analysis. They are comparible with Breslow's (1984) results. The ffgures 
bet ween parenthesis are the estfmates for a2 obtalned by using the 
GlIM3-macros given in Breslow (1984 : Appendix). Note that Breslow's 
method is only computat1onal1y different from our Method 1. 

The Method 2 formula (5.7) for the prior weights is 

The appropriate 611M3-program is shown in Appendix A.4. and the results 
are presented in TabJe 4. Again, inference making from Method 1 and 
Method 2 would be equivalent, partlcularly if the model includes hldden 
heterogeneity. But as for the binomlal data~ the estimates of r.? can be 
Quite dlfferent. 
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Table 3. Poisson data. 
Method 1. 

GLIM Qrogram oQtions and results. 

Contents LINK Initlal cr2 Fix/est. Nbr. of Heter. No heter. 
of MDD option (%P) cr2 C:~F) iter.(%R) S2 ~ ~ 

(1) (2) (3) (4) (5) (6) (7) (8) 

X1+X2 L .0 5 .0717 15.00 46.23 
(.0718) 

Xl L .0717 0 5 20.64 65.48 

X2 L .0717 0 5 26.57 61.40 

L .0717 0 5 26.77 82.85 

Xl L .0 5 .1037 16.00 65.48 
(.1039) 

ANOVA tables. 

Panel A: Heterogeneity between repllcates. 

Unk: 
Sou ree d.f. Log 

Xl 11.57 
X2 1 5.64 
Maln effe cts 2 11.77 

Panel B: No heterogeneity between replicates. 

Unk: 
Souree dJ. Log 

Xl 35.17 
X2 1 19.25 
Maln effects 2 36.62 
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Toble 4. POlsson doto. 
Method 2. 

GLIM progrom options ond results 

Contents LINK Initial (J2 Fix/est. Nbr. of Heter. No heter. 
of NDD option (%p) ~ (%F) iter.(%R) G2 ~ ~ 

(1) (2) (3) (4) (5) (6) (7) (8) 

X1+X2 L .0 5 .0596 15.00 44.58 
(.0611) 

Xl L .0596 0 5 20.70 61.95 

X2 L .0596 0 5 26.03 76.15 

L .0596 0 5 27.53 77.60 

Xl L .0 5 .0875 16.00 65.48 
( .0873) 

ANOVA tables. 

Panel A: Heterogenelty bet ween repl1eates. 

Link: 
Souree d.f. Log 

Xl 1 11.03 
X2 1 5.70 
Main effeets 2 12.53 

Panel B: No heterogenelty bet ween replieates. 

Link: 
Souree dJ. Log 

Xl 31.57 
X2 17.37 
MElln effeets 2 33.02 
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7. SIMULATION - MODELS WITH COMPOSITE LINK 

In this section we present some results from the analysis of simulated 
binomial data through a composHe 1ink model (i.e. k=2) following Method 
1 (Section 4). The composHe Hnk is defined as : 

where ~(J is the cumulative standard normal distribution function. Note 
that the partial derivatives are: 

f 1 {lJi' = ,({Xi +1112)1 exp( -11i1 ».{ (Xi +1112)1 exp( "11it », 
f 2(lJi) = t«x/rtu)/exp( -11it »/exp( -Tljt), 

where ,t) iS the stanelarel nonnal probabl11ty elenslty functlon. The elata 
used are given in the form (Yï, ~, Xi' A 1i , A2i ) for i= C ... N, with 

dichotomous independent variables or covariates Al and A2 (values 0 and 
1), and Yi "items" out of n1 - all characterized by covariates equal to A 1i 

anel A2, - which have "falled- by "time" X;. The llnear preelictors are 

where ~jT = 1 for all i and L ~js = A{s- Di 1f the model assumes that 

cO\/ariate A(s-1) has an effect on the j-th linear predictor and )(ijs =0 

otherwise (s=2,3), ~j4 =A 1,.A2i if the model assumes that A 1 and A2 have 

an interaction effect on the j-th linear predictor and Xij4 =0 otherwise. 

(Note that X, which is in fact a third independent variabie, could be 
included in the linear predictors. The corresponding P's would have known 
values 0 and 1, respectivelyJ 

For simulation of the data we set f\=200, P11 =-1.386, P12=0, P13=-0.5, 

~14=O, ~21=-25, ~22=2, ~=o and ~4=O. The reference population A 1=A2=O 

has then a mean fallure time of 25.0 with a varianee of 16.0, given f'(llj) 

as above. The simulation procedure is as fol1ows. Firstly, we generate N 
'independent random 'lectors Ui=(UU,U12)T, assuming a bivariate norma1 

distribution with mean vector 0 anel some cOYariance matrix 1=(O"J')' (We 
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will use the notation iJl= crjj' j= 1,2. hereafterJ Note that the bivariate 

normal distributlon may be replaced by any other bivanate distributlon. 
Secondly, we compute the vector of llnear predictors '1ï and add the hidden 

heterogeneHy vector Ui. Trllrdly, we generate tor each "batch" 1 n, 
1 ndependent random f all ure ti mes and count the number y; of f all ure t1 mes 

smaller than or eQua1 to Xi' In the tollowing paragraphs we present some 

results using simulated data given that 0/=.01 and 0/= 012= 021 =0 (Data 

I) or given that IJ t 2=.01 and IJl= IJ t 2= IJ21 =0 (Data 11). 

Appendix A.5. shows a GlIM3 program to fit the composite link model as 
described here before. The general structure of this program is the same 
as for the programs in Appendices A.1. to AA. Deta11s are therefore not 
given. Note only that we use the assumptlon I = ~. 10 wh ere 10 1s a 

unormalised" form of the covariance matrix used 1n generating the data. 
The program 1n Appendix A5. fits the storting model (see Tables 5 end 
6)} including the estfmation of ijl (or ~), and all submodels given the 

estimates for iJl flnd tor the prior weights. The estimate for alls .0723 

and the estfmated Pearson chi-sQuared statlstfcs can be found in Table 5 
(col. 2a). (Of course, for the starting model we find all estimated 
Pearson chi-sQuared statlstfcs on the same output.) 

Thus, Table 5 and Table 6 present results from fitting yanous composite 
link models - ignonng or including hidden heterogeneity - to Data land 
Data 11 respectlyely. The dlfferences between estlmated Pearson 
chi-sQuared statlstics show once again that model selection generally 
depends on the method used : effects of covanates can be significant 
when hidden heterogeneity is ignored, whlle they are not significant when 
hidden heterogeneHy is taken into account. 

The ideas presented in this section are merely indicatiye for further 
research. A lot of problems have to be solved. We intend to do this Yla 
more detailed and refined simulatlons. Such simulations are certainly 
useful in leaming how composite l1nk models - which are extended to 
incorporate hidden heterogeneHy - can be applied for analysis of real 
data sets. 
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Table 5. Pearson chi-squared statistics: (1) HH ignored; (2) HH tal<en into 
account (0-2 ::.0723 fixed): (2a) prior weights fixed,{2b) prior 
weights reestimated. 

- ____ ~~~ ___ ,'lf_'· 

Model terms D.F. (1) (2a) (2b) 
St ort jog model 
X 11 ,X 12, X 13, X21,X22, X23 78 91.7 78.0 78.0' 
SlIbmodeIs: 
Xll,Xt2, X21,X22, X23 

1
79 506.2 417.9 431.3 

X 11. X21 ,X22, X23 ! 80 507.2 422.8 432.5 
XII, X 13, X21,X22, X23 79 92.2 78.7 79.3 
Xl1,XI2, X13, X21,X22 79 91.6 77.9 77.9 
X 11 ,X 12, X21,X22 80 509.8 421.0 434.5 
XII, X21,X22 81 511.4 426.0 435.7 

1 XII, X 13, X21 ){22 80 92.2 78.6 79.2 

~Xll,X12, X13, X21 80 347.9 279.3 278.4 
X 11 ,X 12, X21 81 800.1 660.9 672.2 
XII, X21 82 795.7 664.7 672.5 
~11, X13, X21 81 348.2 279.0 278.7 

~---~-

I X 11 ,X 12, X 13, X21, X23 79 348.1 279.5 278.5 
X l1 /X 12, X21, X23 80 798.2 659.2 671.2 
XII, X21, X23 81 793.9 662.9 671.0 
XII, X 13, X21, X23 80 348.4 279.2 278.8 

Effect* of A 1 on slope I< 1 0.56 0.73 1.27 
Effect* of A2 on slope I< 1 414.54 339.90 353.30 
Effect* of A 1 on shift b 1 256.44 201.50 200.50 

I Effect* of A2 on shift b 1 -0.08 -0.09 -0.06 

* Controlled for all other main effects 
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Table 6. Pearson chj-sQuared statistics: (1) HH 19nored; (1) HH taken 1nto 
account (~=.0656 fixed): (28) prior weights fixed,(2b) prior 
weights reestimated. 

Model terms D.F. (1) (28) (2b) 
ISt tJrtilJfl model 
Xl1,X12, X13, X21,X22, X23 78 308.4 78.0 78.0 

IStJbmadels: 
X 11 ,X 12, X21,X22, X23 79 669.2 146.5 153.0 

~ )" ~ of 
I. ~ J I ",r, 1 \,'2" X2-:t 

11 • .L I"tt. ~, " ""'" 80 669.5 147.3\ 1 t:"7 A. 
I ";,j.'~' 

X 11, X 13, X21,X22, X23 79 307.9 78.8 78.6 
X11,XI2, X13, X21,X22 79 351.3 79.0 79.1 

t 

X11,X12, X2 t,X22 80 687.1 146.1 153.7 
XII, X21,X22 81 688.3 147.0 153.6 
XII, X 13, X21,X22 80 351.5 79.8 79.6 

IX11,X12, X13, X21 80 633.9 162.4 169.7 
X 11,X 12, X21 81 1045.0 231.3 243.0 
XlI, X21 82 1040.0 231.3 243.3 
XlI, X 13, X21 81 636.7 160.7 169.5 
Xl1,X12,XI3, X21, X23 79 565.9 161.0 167.6 
X 11,X 12, X21, X23 80 1023.0 231.5 241.6 
X 11 , X21, X23 81 1019.0 231.6 241.9 
X 11, X 13, X21, X23 80 590.4 160.4 167.4 

Effect* of A 1 on slope k 1 -0.50 0.84 0.56 
Effect* of A2 on slope k 1 360.80 68.50 75.00 
Effect* of A 1 on shift b 1 257.50 83.00 89.60 
Effect* of A2 on shift b 1 42.90 1.02 1.08 

* Controlled for all other maln effects 
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APPENDICES: GLlM3 prognlms 

A. 1. Binomial data, Method 1 - simpte link:s. 

1iC MACROS 

-SM MOD X 1 * X2 $ENDM 

'$M ESTP ! 
$EXT 7.VL $CA ~vG=7.PW*(1-XPW*XWT*7.VL) 
: 7.P=(XX2-XCU(WVG»/7.CU(W~3*A) ! 
$PR :: Il NEW SIGMA2 := 11 XP : -S$ENDM 

'SM HET ! 
$CA Y~==Y~-l : A=(l-l/XBD)*7.WT 
$SW YF ESTP ! 
$CA l-J:=1/(1+XP*A) 'SW W ! 
$F #MOD '$PR :: 11 NEW CHI2 = ra XX2 1i$ENDM 

1iC 'MAIN ' PROGRAM 

'$UNITS 21 
'SDATA .OX NX Xl X2 '$READ 

10 39 1 1 
23 62 1 1 
23 81 1 1 
26 51 1 1 
17 39 1 1 

5 612 
53 74 1 2 
55 72 1 2 
32 51 1 2 
46 79 1 2 
10 13 1 :2 

8 16 2 1 
10 30 2 1 

8 28 2 1 
23 45 2 1 
042 1 
3 12 2 2 

22 41 2 2 
15 30 2 2 
32 51 2 2 

3 722 
'$FACTOR Xl 2 X2 2 
'$CALC DX=.OX+O. 5 : NX=NX+1. 0 
'$YVAR DX '$ERR B NX $LINK G 

'$C CHOOSE (INITIAL) VALUE: FOR SIGMA2 : XP 
CHOOSE PROGRAM CONSTANTS : 7.F=O IF SIGMA2 IS FIXED 

1iCALC XP=, 0000 : YF=l : XR=5 

1 IF SIGMA2 IS REESTIMATED 
7.R=MAX NBR, OF ITERATIONS 

o IF NO HETEROGENEITY IS TAKEN INTO 
ACC~jNT <I, E. X~=%F=O) 

'$PR :: 11 (INITIAL) SIQMA2 == ra XP : 
'$CALC W=l $WEIGHT W 
'$FIT #MOD $DISP M A 
'SPR :: .. CHI2 (NO HETER, ) = 11 XX2 : 
'$WHILE %R HET $DISP M A 
'SSTOP 
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A,2, Binoml~l d~t~, Method 2 - slmple 11nks, 

-tC MACROS 

'$M MOD Xl * X2 $ENDM 

'$M ESTP ! 
$EXT /oVL $CA W'v'Q=/oPW* ( l-'Y.Pv.I*ï.'VL) 
: /oP=( 'Y.X.2-ï.>:U (v.lVG*A) ) /ï.>:U (v.lVG) ! 
$PR :: 11 NE~ SI GMA2 := 11 'Y.P : '$$ENDM 

'$M HET! 
$CA 'l.R='l.A-l $~ 'lA ALOG ACLL APRO ! 
$Sv.I i'..F ESTp· ! 
$CA ~=l/(ï.P+A) $W W ! 
$F#MOD $PR :: 11 NEW CHI2 = /I /oX2 

'$M ALO>~ ! 
$CA FP=l/(l+ï.EXP(-'Y.LP» ! 
$CA A:= 1/ ( NX *FP* ( l-FP » '$$ENDM 

'$M ACLL ! 
$CA FP=l-ï.EXP(-ï.EXP(,.LP» ! 

'$$ENDM 

$CA A:=FP / (NX * ( l-FP ) *:Y.Loo ( l-FP ) **.2) '$$ENDM 
'$M APRO ! 

$CA FP=i'.NP (%LP)! .. . 
$CA A:=FP* ( l-FP ) *7..EXP (ï.F"v'*i'..FV+:'I.LOO (2*ï.P I ) -:Y.LOO (NX » $$ENDM 

$M v.lLO>~ ! 
$PR :: .. LOOIT MODEL ti : ! 
$CA ~=NX*OP*{1-0P) $$ENDM 

'$M WCLL ! 
$PR :: 11 C-LOGLOG MODEL 11 : ! 
$CA ~=ï.LOG(1-OP)**2*NX*(1-DP)/OP $$ENDM 

'$M v.lPRO! . . 
$PR :: . 11 PRoBIT MODEL ti :! 

. $CA ~=ï.EXP (-ET*ET-ï.LOG (.2*i''p I )+'Y.LOG (NX) ) / (OP* ( 1-0P» $-$ENDM 

'$M ËLOO S<:A ET=ZLO>~(OP/ (l-OP» $$ENDM 
'$M ECLL $CA ET=:Y.LOO (-:Y.LO>~ ( 1-0P » '$$ENDM 
'$M EPRO $>':A ET=:Y.ND (OP) $$EN.OM 

'$C 'MAIN' PROGRAM 

'$UNITS 21 
'$DATA .OX NX Xl X2 "$READ 

'10 39 11 
23 62 1 1 
23 81 1 1 
26 51 1 1 
17 39 1 1 

5 61.2 
53 74 1 .2 
55 72 1 .2 
32 51 1 2-
46 79 1 .2 
10 13 1 .2 

8 16 2 1 
10 30 2 1 

8 28 2 1 
23 45 2 1 
042 1 
3 12 2 .2 

22 41 2 .2 
15 30 2 .2 
32 51 22-

3 7 2 2-
$FACTOR Xl 2 X2 2 
"$CALC DX=DX+O: 5 : NX=NX+l. 0 

: OP=DX/NX 
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'$C CHOOSE (INITIAL) W~IUJ€ FOR SIGMA2 : XP 
CHOOSE PROGRAM CONSTANTS : XF=~ IF SIGMA2 IS FIXED 

1 IF SIGMA2 IS REESTIMATED 
XR=MAX NBR. OF ITERATIONS 

00 IF NO HETEROGENEITY IS TAAEN INTO 
ACCOUNT (I. E. 'Y.P:='Y.F:=O) 

XA=l FOR LOGIT MODEL 
.2 FOR C-LOGLOG MODEL 
3 FOR PROSIT MUOEL 

1iCALC XP=.OOOOO : 'Y.F=l : /-R=5: 'Y.A:=1 

'$C INITIALIZE 

'$SWITCH rA ELOG ECLL EPRO 
'$YVAR ET 1iSCALE 1 
'$PR :: 11 (INITIAL) SI>~MA2 = ti XP : 
'$SW I TCH rA WLOG WCLL (,JPRO $UE I'~HT W 

'$C FIT 

'$FIT #MOD $DISP A 
'$PR :: 11 ':HI2 (NO HETER. ) = 11 /-X2 
'$WHILE 'laR HET $.OISP A 
'$STOP 
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À,3, Poisson dfttt~J Method 1 - simple linie 

'$C MACROS 

'$M MOD Xl + X2 $ENDM 

'$M ESTP ! 
$EXT XVL $CA ~vG=XPW*(l-7.PW*7.WT*XVL) 
: XP= (7.X2-7.·:U (WVG) ) /XCU (WV>3*A ) ! 
$PR :: .. NEW SIGMA2 := .. 7.P : $$ENDM 

'$M HET! 
$CA 7~=7~-1 : A=7.WT ! 
$SW 7.F ESTP ! 
$CA W== 1 / ( 1 +XPAA) '$W W 
$F #MOD '$PR :: " "lEW CHI2 

'$C 'MAIN' PROGRAM 

'$UNITS 18 
'$DATA ,OX X !&REAO 

15 0 21 0 29 0 
16 10 lS 10 21 10 
16 33 26 33 33 33 
27 l~J 41 100 60 100 
33 333 as 333 41 333 
20 1~~0 27 10~~ 42 1000 

'$CALC Xl=XLOO( X+I0) : X2:=-X 
'$YVAR DX '$ERR P $LINK L 

= ti XX2 $$ENDM 

'$C ':HOOSE (H\lITIAL) VALUE: FOR SIGMA2 : :Y.P 
CHOOSE PROGRAM CONSTANTS : Y-F=J IF SIGMA2 IS FIXED 

$CALC XP=, O~JO : 7F=1 : XR=5 

1 IF SIGMA2 IS REESTIMATED 
XR=MAX NBR, OF ITERATIONS 

~J IF NO HETEROGENEITY IS TAKEN INTO 
ACCOIJNT (I, E, 7.fI:=7.F:=O) 

'$PR :: IJ (INITIAL) SI~~MA2 = .. XP : 
'SCALC W=l $WEIGHT W 
'$FIT #MOD $DISP MAR 
'$PR :: .. CHI2 (NO HETER,) = .. XX2 : 
'$WHILE 'Y.R HET $DISP MAR 
'$STOP 
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AA. Po;sson data, Method 2 - s;mple link. 

'iC MACROS 

'$M ~'10D Xl + X2 $ENDM 

'iM ESTP ! 
$EXT XVL $CA ~vG=Y.PW*(l-%PW*%VL) 
: XP= (%X2-%CU <WVG*A) ) /X·:::U (WVG) ! 
$PR :: 11 NEW SI GMA2 := 11 XP : '$$ENDM 

'$M HET ! 
$CA 7~=XR-1 : A=l/%EXP(XFV) 
$SW 7F ESTP ! 
$CA ~=l/(XP+A) $W W ! 
$F #MOD '$PR :: .. NEW CHI2 = 11 XX2 

'$M OUTP ! 
$CA R:=7.EXP ( XFV) $LO X R $$ENDM 

':tiC I MA IN' PROGRAM 

'$UNITS 18 
'$DATA .ex x $REA.o 

15 0 21 0 .29 0 
16 10 la 10 21 10 
16 33 2h 33 33 33 
27 l~J 41 100 hO 100 
33 333 3a 333 ·41 333 
20 l~JO 27 10~J 42 1000 

'$CALC X 1 =XLo>~ ( X + 10) : X2:=-X 
'$CALC ET=XLOG (DX ) 
'$YVAR ET '$SCALE 1 

'$$ENDM 

'$C CHOOSE (INITIAL) VALUE FOR SIGMA2 : XP 
CHOOSE PROGRAM CONSTANTS : XF~J IF SIGMA2 IS FIXED 

'$CALC XP= .. 0000 : "oF::::1 : %R=5 

1 IF SIGMA2 IS REESTI~ATED 
Y.R=MAX NBR. OF ITERATIONS 

o IF NO HETEROGENEITY IS TAKEN INTO 
ACCOUNT (I, E, 'Y.P:='Y.F:=O) 

'$PR :: n (INITIAL) SIGMA2 = 11 XP : 
'iliCALC W=DX $WEIGHT W 
'$FIT #MOD $DISP M A ~JSE OUTP 
'iliPR :: .. CHI.2 (NO HETER. ) = 11 7.X2 
'$WHILE XR HET $,OISP M A '$USE OOTP 
'$STOP 
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A,S, BlnomiHl dHtH, Method 1 -composite Hnk, 

':liC MACROS 

$M FSB SF , $D A ! 
$pR : 11 CHI;;Z = "~I.X;2 ':i>$ ENDfV! 

'$M SUB1 ! 
SU FS,8 ! 
SC>~ A 12=:J S>!J FBB 
!liCA Al1=:J S>!J FBB ' 
ScA A12=A2-1 $J FSB 
SCA A 11 =A 1-1 S'$EN.o1"1 

'$/'" SUBO ! 
SU SU.S1 ! 
SC>~ Aa2=::> $J SUB 1 ! 
SCA Aa 1 =:J S>!J 9JB 1 ! 
SCA A22=A2-1 $J S~JB 1 S$ENDM 

'$M MEXT $EXT 'ï.Pe: S'$ENO/'" 

'$M FV ! CALOJLATE FITTED VALUES 
SCA ï-FV=N*ï.NP ( (X+LP2) *ï..EXP (LP 1» S$END:!"I 

'$M ,OENS ! CALCULATE DE:NSITY FU:NCTION FOR '%NP" 
SCA F:= (X+LP.2) *%EXP (LP 1) ! 
: F=ï..EXP (- {7.L(}~ (2*'ï.P I) +F*F) /2) S'$EN.OM 

'$1"1 PO ! CALC~JLATE PARTIAL DE:R IVATIVE'S 
SU OENS '$CA C2:=N*F*ï.e:XP (LP 1) ! 
: C1=C2* (X+LP2) S'$ENOM 

'$M M1 ! 
SCA 'ï.A=ï.NE (7.PL, 0) $s-J ï.A Mf:XT ! 

! CALCULATE LlNEAR PREOICTORS 
SCA LP l=7.PE ( 1 ) +'ï.PE (2) *Al1+%PE (3) *A12+'ï.PE (4 Ht'A13 
: LP2:='ï.PE ( 5) +ï..PE (,~) 'II-A21 +'ï.PE ( 7) *A22+%PE (8) *A28 ! 

! C>~LCULATE FITTED VALUES AND PARTIAL DE:RIVATIVE'S 
SU FV SU PO ! 

! C>~LC~JLATE WORKIN>~ INDEPENDENT W~R:r,.~DLES 
SCA X11=C1 : X12=:(:1'lh~11 : X13:=C1*A12: X14=Cl,*A13 
: X21:=C2 : X22:=C2*A21 : X23=C.2*A22 : X.24=82*A23 ! 

! CALCULATE LlNEAR PREOICTOR 
: 7.LP'='ï.PE ( 1 ) *X 11 +7.PE (2) *X 1.2+'ï.PE (3) *X 13+'ï.PE (4) *X 14 
+ï..PE (5) *X21 +'ï.PE (6) *X.22+7.PE (7) *X23+ï.,PE <e) *X24 ! 

'$SENOM 

'$M M2 '$CA 'ï.DR=1 SSENDM 

'$M M3 ! 
SCA 7.VA=%FV*< 1-ï..FV/N) : 'ï.VA='ï.IF(7.LE('Y.VA, 0) I, :001, %V,~) '$ $ ENDI"I 

'$M M4 '$CA 'ï.OI=2*(ï..YV*7.L(}~(,ï.YV/7.FV)+(N-'ï.YV)*ï.UJG( (N-:y'YV)/O\j-ïJ:""V») 'lilfH::NDIVl 

'$M HET ! 
SCA ï.R=ï.R-1 ! 
: ~=(1-1/N)*('ï.X*C1*C1+ï..Y*C2*C;;Z+2*ï.Z*Cl*C2)/ï.VA 
SSW ï.F ESTP ! 
SCA w= 1/ ( 1 +7.P*.S) '$W W ! 
SF . 1iPR :: "NEW CHI2 ,= " 'ï.X2 : $$ENDM 

'$M E:STP ! 
SEXT 7.VL SCA ~vQ=%PW*(1-'ï.PW*'ï.VL/7.VA) 
: 7.P=('ï.X2-'ï.CU(WVQ»/7.CU(WV~*B) ! 
SPR :: u NEW SI GMA2 := .. 7.P : '$SE:\lDM 
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'$C PRO>~RAM CONSTANTS ANC PA>~AMËTERt.:i 

'$DATA 1 NtJ$.oINPUT 3 
$DATA a PAR $DINPUT 3 
'$DATA 3 S $DINP~JT 3 
'$CALC :%.U=NU : 7.F=1 : %R=0 

: Y.P=:%.IF (ï.GE (S ( 1 ); S (2) )" S ( 1 ) , f:î (2» . S:::;;S/:~;',F' 
: Y.X=S(l) : ï.Y:=S(2) : %,7.=S(3) 

'$PR :: It INITIAL SIGM.~2 :=: " ~~p :' 
'$DEL ~J S 

'$C REA.O DATA 

'$UNITS ï.U 
$DATA D N X Al A2 
'$FORMAT 
(5X~3F~,OJ2F5, 0) 
'$DINPUT 3 

'$C ,OEF I N I T I ON OF MODEL 

'$CALC Al1:=(Al-l) : AH2=(>~2-1) 
: A21:=(Al-1) : A22=(A2-1) 

'$CALC .8=0 : W=l 
'$YV>~R .0 UJEI>~HT W 
'$OWN Ml M.2 M3 M4 $SCALE 1 

'$C F I TT I N>~ THE MODEL 

A13=::> 
A;;-~3=O 

'$VAR 8 ï.PE $eAu': ï.PE=PAR $DEL PAR 
'$CALC :%.Lp:=Xl1=X 12=X 13:=X14=X21 ::::X22=X23=X:.::4=::> 
'$FI T X 11 +X 12+X13+X 14+X21 +X22+X23+X24-ï.GM $DISP L A 
'$PR :: H eHI2 (NO HETER. ) = .. %X2 : 
'$WH I LE ï.R HET $.0 I SP L A 

'$C RESTR H:TEO MODELS 

'$STOP 
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